arXiv:1509.03063vl [math-ph] 10 Sep 2015 


Path Integral Methods in Index Theorems 


Mark van Loon 0 


Merton College, University of Oxford, 
Oxford, 0X1 4JD, UK. 


Abstract 

This paper provides a pedagogical introduction to the quantum mechanical path 
integral and its use in proving index theorems in geometry, specifically the Gauss- 
Bonnet-Chern theorem and Lefschetz fixed point theorem. It also touches on some 
other important concepts in mathematical physics, such as that of stationary phase, 
supersymmetry and localization. It is aimed at advanced undergraduates and be¬ 
ginning graduates, with no previous knowledge beyond undergraduate quantum me¬ 
chanics assumed. The necessary mathematical background in differential geometry is 
reviewed, though a familiarity with this material is undoubtedly helpful. 
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Preface 


As mentioned in the abstract, this paper provides a pedagogical introduction to the 
quantum mechanical path integral and its use in proving index theorems in geometry. 
Several other works, such as [^[7,11, 12 , introduce some of the ideas in this paper. 


but tend to focus on other applications of these concepts. I hope that students will 
hnd this paper useful as it provides a single introduction to all these ideas without 
requiring advanced background knowledge. 

The proofs of the Gauss-Bonnet-Chern theorem and Lefschetz Fixed Point theo¬ 
rem in chapter 3 are based on the proof outlines in and 12 . A lot of the details 
in these proofs are worked out explicitly and some numerical factors that were stated 
incorrectly in and 12 have been corrected. I hope these proofs are useful to stu¬ 
dents new to this material and am unaware of any other source that works out these 
proofs in detail using these methods. 


The paper is based on a dissertation submitted to The University of Oxford in 
partial fulhlment of the requirements for the degree of Master of Mathematics. 
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Introduction 


Since its inception by Richard Feynman in the forties, applications of the path integral 
in physics abound and a 10, 000-word essay can hardly do justice to all of these. While 
commonly introduced as a gateway to perturbation theory in quantum held theory, 
or as a useful calculational tool in statistical mechanics, it is also an object that is 
intrinsically of interest: physically, as it provides new insight into quantum mechanical 
phenomena and relates quantum and classical physics, and mathematically, as it 
provides new proofs of index theorems. 

The path integral, with the appearance of the action, and its interpretation as 
a “sum over all paths”, gives a nicer interpretation of what quantum mechanics is 
fundamentally about. Furthermore, it shows more clearly the correspondence with 
classical mechanics, and extends easily to quantum held theory, though we shall not 
consider that here. 

It is also very well-suited to problems in supersymmetric quantum mechanics and 
systems dehned on Riemannian manifolds. Specihcally, we shall show how the path 
integral can be used to evaluate certain topological invariants of manifolds through 
the Gauss-Bonnet-Chern and Lefschetz hxed-point theorems. 


The overview of this dissertation is as follows. 

Chapter [^outlines the path integral in quantum mechanics. Section ]_T introduces 
the path integral and deduces some elementary results. Section 1.2 shows the equiv¬ 
alence with the Schrbdinger formulation and shows some interesting correspondences 
with classical mechanics. Section looks at some mathematical properties of the 
path integral. First we consider the stationary phase approximation, which is useful 
for systems with action S' S> h and provides a “derivation” of classical mechanics. 
Secondly, we consider zeta-regularization to assign hnite values to otherwise inhnite 
quantities, an idea that is widely used in theoretical physics and other disciplines. 

Chapter gives the necessary mathematical background on Grassmann variables 
and differential geometry to discuss supersymmetry in chapter The focus lies on 


differential forms, which are treated in section 2.2.3 


Chapter [^introduces supersymmetric quantum mechanics by analyzing some 


sim¬ 


ple examples. The general structure of supersymmetry is reviewed in section 3.2 Sec 


tion 3.3| looks at the property of localization, a method for evaluating exactly certain 
quantities in supersymmetric models. These ideas are then used in section 3G to give 
“physics proofs” of the Gauss-Bonnet-Chern and Lefschetz hxed-point theorems. 
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Chapter 1 

Path integral approach to quantum 
mechanics 


1.1 Introduction to the path integral 


In this section we define the propagator and path integral. We will assume a basic 
understanding of the Schrodinger/Heisenberg picture of quantum mechanics, and will 
show how the Feynman ‘sum over all paths’ emerges from it. Section shows that 
the converse is also true, so that these two formulations are equivalent. 


1.1.1 Brief review of quantum mechanics 

We start with a brief review of quantum mechanics. For simplicity we will deal with 
quantum mechanics in 1 + 1 dimensions, although the discussion generalises naturally 
to more spatial dimensions. 

Physical states of a particle are described by a Hilbert space Tf of kets |'0)- Phys¬ 
ical observables are self-adjoint linear operators on ?{. Two particularly important 
operators are the position operator x and momentum operator p, which satisfy the 
canonical commutation relation 


[x^p] = ih (l-l-l) 

with square brackets indicating a commutator: [A, B] = AB — BA. 

The position eigenstates |x) and momentum eigenstates \p), defined by x\x) = 
x\x) and p\p) = p|p), are interpreted as states in which the particle has definite 
position X or momentum p, respectively. 

A particular realization of H is H = L^(M), in which case the states are square- 
integrable functions 'ip{x) depending on position x. The position and momentum 
operators are x = x and p = We choose the norm of the eigenstates such 
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that: 


{x'\x) = 5{x — x') 

{p\p) = 27rh ■ 5{p' — p) 
{x\p) = Qyip{ipx/h) 


( 1 . 1 . 2 ) 


where 6{y) is the Dirac delta function. From equation 1.1.2 we recognize the momen¬ 
tum eigenstates as plane waves. 

The position and momentum eigenstates both independently form a basis for "H. 
Combining this with our choice of normalization above, we get the very useful results: 


dx |x) (x| = 1 = 


dp 

2ttTi 


Ip) (pI 


(1.1.3) 


where the integration is over 


The evolution of states in "H is governed by the Hamiltonian H of the system, a 
Hermitian operator, through the Schrodinger equation: 

• ( 1 - 1 - 4 ) 

This equation can be formally integrated to give evolution from initial time ti to hnal 
time tf 

= U{tf,ti)\i/j{ti)) (1.1.5) 

where U(tf,ti) = U(tf — ti) = exp j is the time-evolution operator in the 

case of a time-independent Hamiltonian [^. 

An important property of U that immediately follows is that for any ti < t < tj: 

U{tf,ti) = U{tf,t)U{t,ti). (1.1.6) 

The time-evolution operator gives the probability amplitude for transitioning from 

an initial state |'0j) to hnal state |'0/) as 

{^f\Uitf,ti)\'i/ji). (1.1.7) 


1.1.2 Propagator and path integral 

We can now dehne the propagator, which shall be the main object of interest to us. 

Definition 1.1.1. The propagator (also called kernel) K{xf,tf]Xi,ti) is the tran¬ 
sition amplitude to go from position eigenstate \xi) at time ti to position eigenstate 
\xf) at time t/.' ^ 

K{xf,tf;xi,ti) = {xf\U{tf,ti)\xi). ( 1 . 1 . 8 ) 
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The propagator can be used to calculate the transition probability in 1.1.7 by 


using a resolution of the identity given by 1.1.3 



{i’f\U{tf,ti)\i:i) = {ipfl {^J dxf \xf) {Xf\j U{tf,ti) \^J dxi \xi) {Xi\j IV’i) 

dxf dxi {^|Jf\xf) {xf\U{tf,ti)\xi) {xi\^jJi) 

dxf dxi ^jJ*f{xf)^jJi{xi)K{xf,tf;Xi, U) (1.1.9) 

where we used linearity of all operators to move the integrals to the front, and used 
the particular realization "H = L^(]R). From equation 1.1.9, we conclude that the 
propagator uniquely determines all transition probabilities [4 . 

As a simple example, let us evaluate the propagator for a free particle. 



Example 1.1.2. (Free particle propagator) 

The free particle has propagator 


K(Xf,tf,Xi,ti) = f 


m 


2nih{tf — ti 


■exp 


im{xf — Xif 
2h tf — ti 


( 1 . 1 . 10 ) 


Proof. The free particle is described by a simple Hamiltonian: H = ^. Substituting 


this into dehnition 1.1.8, we get propagator: 


K{xf,tf-,Xi,ti) = (a:/|exp 

_ f 

/ 27ih 




2mh 
(x/|exp 


P \Xi) 


i{tf -2 


2mh 


P \p) {p\xi) 


( 1 . 1 . 11 ) 


where we used equation 1.1.3 to insert a resolution of the identity. Note that \p) is 


an eigenstate of p and hence of exp ( —with eigenvalue exp ( 


Further recognize the plane wave from equation 1.1.2: (p|xj) = exp(—ipa;j/h). Thus: 

dp 


K{xf,tf;xi,ti) = 


27ih 


exp 


iitf - ti) 2 , iixf - Xi) 

-p + - -p 


m 


2'Kih(tf — ti 
Here we made use of the following identity: 


exp 


2mh h 

im {xf — Xi)"^ 


2h tf — ti 


( 1 . 1 . 12 ) 


, , 1 . 2 7 \ ^ { i ,2 

dx exp ( —-tax + ox I = I —r I exp I 


(1.1.13) 


This follows by completing the square and using the Fresnel integral formula in ap¬ 
pendix |A.1[ 

□ 
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A noteworthy point is that the term in the exponential is exactly jrS[xc{t)], where 
S'[a;c(t)] is the action of the classical path. As we shall see later, this is no coinci¬ 
dence, but a result of the Lagrangian describing the system being at most quadratic 
in the position. 


As the propagator represents propagation from an initial state to a hnal state, we 
would expect that we can express propagation from time ti to tf by propagation hrst 
from ti to intermediate time t and then from t to tf (where ti < t < tf). This result 
is known as the convolution property: 


Proposition 1.1.3. 

satisfies: p, lOl 


(Convolution property) For any ti < t < tj, the propagator 


K{xf,tf;xi,ti) = / dx K{xf,tf;x,t)K{x,t;Xi,ti). 


(1.1.14) 


Proof. We use dehnition 1.1.1, equation 1.1.6 and a resolution of the identity from 


equation 1.1.3 


K{xf,tf,Xi,ti) = {xf\U(tf - ti)\xi) 

= {xf\U{tf - t)tU{t - ti)\xi) 

= dx {xf\U(tf — t)\x){x\U{t — ti)\xi) 


= / dx K{xffif]x,t)K{x,t]Xi,ti) 


(1.1.15) 


where we used the fact that {xfiU{tf — t) is a. linear operator to move the integral 
out of the inner product. □ 


The free particle propagator found earlier can be checked to satisfy this equation. 
The proposition has an immediate corollary: 

Corollary 1.1.4. Let [tifif] he a time interval and let N eN. Define e = jf(tf — ti) 
and for j = 0,1,N let tj = t^ + je, so that the time interval is partitioned into 
— 1 time intervals of length e. 

Then we have expression for the propagator: 


K{xf,tf; Xi, ti) = j dxi... dxN-iK{xf,tf, x^-i, tN-i)K{xN-i, t^-i; xn- 2, tN- 2 ) x 

X ... X K{x2,t2-,Xi,ti)K{xi,ti,Xi,ti) (1.1.16) 


Proof. This follows from repeated applications of proposition 1.1.3 


□ 


The convolution property proves crucial in the dehnition of the path integral as it 
allows us to calculate the propagator by splitting the time interval [ti,tf] into smaller 
intervals of length e and taking the limit e —?• 0. 








We now work out what such a propagator looks like for a Hamiltonian of the form 


H = f + l/ = — + V{x) 
2m 


(1.1.17) 


This Hamiltonian describes a particle with mass m moving in a potential given by 
V{x). 

To hnd the propagator, we take the partition of the time interval as dehned 

in corollary 1.1.4 Note that the time-evolution operator satishes for any N eN: 


U(tf,ti) = exp 


i{tf - ti) 


H ] = i exp 


= exp 


= exp 


i{tf ti) 


Nh 


H 


N 


N 






N 


(1.1.18) 


where again e = ** 


N 


Due to the non-commutativity of T and V, we cannot simply expand this exponential 
into a product of two exponentials, i.e. the equation 


exp 


ze 


ze. 


-(f + H))=exp(--f)exp(--H 


h 


ze. 


h 


(1.1.19) 


does not hold in general. 

However, this equation is approximately correct, the error being 0{e^) [^. See 
appendix A.2 for the details. As we are interested in the limit e —)■ 0, we can discard 
these terms and approximate the small-time propagator by: 

{xj+i\U{tj+i,tj)\xj) ^ ( 1 . 1 . 20 ) 

where we used that \xj) is an eigenstate of the operator V and hence of e~^'^. 

Now insert an identity: 1 = / ^ \p) {p\, to get 


{Xj+i\e n^\Xj) = 


J 2n?i 

J 27ih 

/ m 
\2iTihe 


{xj+i\e (p|a:j) 


i{xj+i 


exp 


ze 


2mh 


p + 


Xi 


h 


-P 


im 


I VI IL . 

exp ( - 


X, 


( 1 . 1 . 21 ) 


where we used that \p) is an eigenstate of T and that {x\p) = Furthermore we 

used equation 1.1.13 to evaluate the Fresnel integral. 
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We use these equations 1.1.20 and 1.1.21 
expression for the propagator: 


m 


1.1.4 to finally obtain the following 




K 

2 


X 


X J dxi... dxAT-i exp 
with xq = Xi and xn = Xf. 


N-l / \ 2 

te . rn / Xj+\ — Xj 



- V(xi) 


( 1 . 1 . 22 ) 


This equation gives a correct formal expression for the propagator. One can use it 
to calculate propagators for any system, but the calculations are usually prohibitive 
and we resort to other ways of finding the propagator. For example, we can check 
our earlier expression for the free particle propagator, but this would take several 
pages and involves lots of non-trivial trigonometric identities (see 10 for details). A 


useful analogy is calculus: we rarely use the technical definitions of derivatives and 
integrals, instead resorting to theorems characterizing their properties, such as the 
product rule, chain rule and the fundamental theorem of calculus. 


Now note that in the exponent in equation 1.1.22, we have a term: 


N-l 

j=0 


m / Xj+i — Xj 
~2 


V{x, 


(1.1.23) 


We then take a limit e —)■ 0 over the whole integral. Assuming we can move this 
limit through the integration measure and the exponential (the latter is possible by 
continuity of exp), we get an integral as a limit of a Riemann sum. We use that 
hm,;_>.o (^14±iz£ij = Xj to get as exponent: 




N-l 

E 

j=o L 


m 

~2 


Xjj^l 


X, 


V(x,) 


I 

^ h 


dt L{x{t),x{t)) = v5'[a;(t)] (1.1.24) 

<-. n 


where we recognized the Lagrangian L(t) = L{x(t),x(t)) = '^x{t)‘^ — V{x(t)) and 
used the definition of the action: S = f dtL(t). Recall we already encountered an 
exponential of |S' in our free particle example. 


We now define the path integral as the limit of integrals appearing in our expres¬ 
sion for the propagator. 

Definition 1.1.5. Let (ti,Xi) and {tf,Xf) be two points in spacetime such thatU < tj. 
Let to,ti, ... be a partition of [ti,tf] into intervals of length e = and define 
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Xj = x{tj). We formally define: ^ 


rx{tf)=Xf 

/ 

J x{ti)=Xi 

The path integral is formally defined to be: 

l-x(tf)=Xf 


lim 

N^oo ’ 

( mN \ 2 

(1.1.25) 

\2i'Kh{tf - ti)} 

lim 

N^oo ^ 

dxi ... dxN-i- 

(1.1.26) 


V[x{t)]exp ( j^S[x{t)] ) = 


Jx{ti)=x^ 

= lim / dxi... d^AT-i exp 

N^oo J 

where we identify xq = Xi and xn = Xf 
The propagator then satisfies: 


N-l 

E 

j=0 


m / Xj+i — Xj 
~2 


V{x, 


K{xf,tf;xi,ti) = M I V[x(t)]exp ( ^S[x(t)] 


(1.1.27) 


(1.1.28) 


with implicit limits of integration xitf) = Xi,x(tf) = Xf. 

One should take this “integral” as a formal construct, not as an integral in a strict 
mathematical sense. In fact, the path integral does not exist in a strict mathematical 
sense, as our “measure” V[x{t)] is not a measure that can be imposed on the space 
of all paths j^. 

Furthermore, our dehnition of A/" implies it is an inhnite constant. The propagator 
is hnite though, so equation 1.1.28 implies that the path integral must be zero! How¬ 
ever, this is not a problem as the product of J\f and Vx is the relevant quantity, and we 
only ever see them together. In certain situations, such as when calculating scattering 
amplitudes Is], one is concerned with ratios of path integrals, which actually are hnite. 


For the physical point of view: we can think of this path integral as summing 
exp (|■S'[a;(^)]) over all paths x{t) between {ti,Xi) and {tf,Xf). Equivalently all paths 
x{t) are contributing to the probability amplitude of propagation, each path weighted 
by the phase exp (|S'[x(t)]). 

This is the origin of the idea of a “Feynman sum over all histories”, the histo¬ 
ries referring to different paths a particle can take. This is sometimes phrased as 
“a particle takes all possible paths between two points”, though this can be slightly 
misleading. Firstly, while all paths contribute to the propagation amplitude, they are 
weighted by a phase depending on the action of the path. Secondly, quantum theory 
is inherently a theory of measurement and if we only measure at times ti and tf - and 
not at any intermediate time t - then the question “Where was the particle at time 
f?” is the wrong question to ask within the quantum mechanical framework. 
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Free particle and normalization M 

In this section we revisit the free particle, now evaluating the propagator via a path 
integral. 

First we need to define the determinant of an inhnite-dimensional matrix. 

Definition 1.1.6. LetT-L be a separable Hilbert space and A : H ^ H an elliptic, self- 
adjoint linear operator with a complete set of eigenvectors, with associated eigenvalues 
Analogously to the finite-dimensional case, we define the determinant of A 
as the product of its eigenvalues: 


Det A = A„. 


(1.1.29) 


n=l 


Note that generally this determinant is inhnite. However, this is not a problem, 
as we shall only be interested in ratios of determinants. 

In section 1.3.2[ we shall see another type of determinant, which is made hnite by 
employing zeta-regularization. 

Example 1.1.7. (Free particle revisited) Recall our discussion of the free particle, 
in which we found the propagator: 


K{xf,tf;xi,ti) = 


m 


27iih{tf — ti) 
We show that we also have expression: 


exp 


im{xf — Xif 
2h tf — U 


K{xf,tf,Xi,ti) =Afexp ^ 

Eguating these two, we get the important result: 


2Tiih * 


Af = 


m 


27rih{tf — ti) 


Det 


m 


-d( 

2Trih 


Proof. First we find the classical path Xc{t). This is easily found as 

Xc{t) = Xi + J - Xi) 


tf ti 


with associated classical action 


5'[xc(t)] = 


m{xf — XiY 
2 tf-ti 


(1.1.30) 


(1.1.31) 


(1.1.32) 


(1.1.33) 


(1.1.34) 


Expand paths around the classical path x(t) = Xc(t) + y(t), so that y(t) satisfies the 
boundary conditions 

yiu) = 0 = y{tf). (1.1.35) 
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We put this in the dehnition of the path integral: 

K{xf,tf;xi,ti) =-^ j exp 

= TVTexp J V[y{t)] exp 

(1.1.36) 

Now use integration by parts, noting that the boundary term vanishes by equation 
11.1.351 Hence: 


K{xf,tf,Xi,ti) =J\fexp 
= A/" exp 


im {xf — Xif 
2h tf 
im {xf - 
2h tf — ti 


- ti 
Xi) 


im 


r-tf 


V[y{t)] exp ( ^ / dty{t){-d‘^)y{t) 


Det 


2TTih * 


(1.1.37) 


where we used the familiar Fresnel integral formula. This gives the stated result for 

Af. □ 


1.1.3 Imaginary time propagator 


One may worry about convergence issues relating to the propagator as an integral of 
exp {iS[x(t)]/h), which has unit modulus. 

Given an initial time ti, we have dehned the propagator for any time tf > ti. 
Assuming the propagator is suitably analytic, we can extend its dehnition into the 
complex plane to get the imaginary time propagator in terms of r = it. This is 
called a Wick rotation and is how the path integral relates quantum (held) theory 
and statistical mechanics [^. 

Definition 1.1.8. ITe define the imaginary time propagator (or Euclidean propaga¬ 
tor) from Xi to Xf to he 

KE{Xf,Tf,Xi,Ti) = {Xf\exp (-^{Tf - Ti)Hj \Xi) (1.1.38) 


where Ti = iti, Tf = itf E iM. and tf > ti. 

Assuming suitable conditions on H so that this is analytic (except for a possible 


(1.1.39) 


pole when Tf = Ti), it is related to the normal propagator by IQl 

K{xf,tf-,Xi,ti) = KE{xf,itf,Xi,iti). 


The advantage is that for the common Hamiltonian L = + V{x), the os¬ 

cillatory expiiS/h) is replaced by a negative exponential: exp{iS/h) —)■ exp(—S'^;/^) 
where 


Se = 



1 /da;\ 
2m \dr J 


+ V{x{t)) 


(1.1.40) 
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As a result, quantities are generally better behaved when working in imaginary 
time, making it useful in calculations. We shall see this when we examine the har¬ 
monic oscillator in section 11.1.41 


Note that the normalization constant M changes to 


N —>■ lim 


im ( - 


mN 


V-s-oo \2iTTh{Tf — Ti) 


N- 

1\ V 

lim ( - 

N^oo 


lim I -—-r 

Af-s-oo \2mn[tf — ti) 




mN 


.7 = 1 '' 


(1,1,41) 


For now we should understand this as a formal expression; in section p..3.2| we discuss 
a way to regulate this. 


There is an important link between the Euclidean propagator and traces, such as 
those encountered in statistical mechanics. Consider an operator O and let /3 > 0. 
Then 

Tr(Oe-»)=/d.(.|Oe-^«|.>, (1,1,42) 

From this we note the link with the Euclidean propagator by putting (9 = 1: 

{x\e~^^\x) = Ke{x, = AT J V[x{T)]exp ^—-Se[x{t)^ (1.1.43) 

where the integration is over a periodic path: a;(0) = x{(dh) = x for hxed x. Varying 
all possible x gives a path integral expression for the partition function 10 


Z{fd) = Tr (e-^^) = Af 


' x{0)=x{l3h) 


T>[x(r)]exp ( --Se[x{t)] ) . 


(1.1.44) 


We will use the path integral to calculate traces when we discuss the Witten index 
in chapter]^ 


1.1.4 Semi-classical approximation and harmonic oscillator 

In this section, we analyse the harmonic oscillator, one of the few exactly solvable 
systems in the path integral formalism and one that is ubiquitous in physics. It is 
described by the Lagrangian density: 

C = (x‘^{t) — uj‘^{t)x‘^{t)) . (1.1.45) 
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Often we are interested in the case of constant u(t) = ojq, which we consider 
separately. 

First we show how it arises as an approximation to other systems through the 
semi-classical approximation. 


Consider a general system described by some action *S'[a;(t)] = L{t,x{t),x{t)). 

From Part A Classical Mechanics, this has a classical solution Xc{t) extremizing the 
action: 

=0. (1.1.46) 

x{t)=Xc{t) 


6x{t) 


We expand the action *S'[a;(t)] around the classical solution: 

x{t) = Xc{t) + Vhy{t). 

The factor of Vh is included to elucidate the dependence on powers of h. 
Now Taylor expand *S'[a:(f)] around Xc- 


(1.1.47) 


S'[x(f)] = S'[a:c] -|- Vh 


= -h 


6S 


5x{t) 


, . 1 5S 

x(t)=x^it) ^ ^ ^ 2 5x{t)5x{t') 


6S 


2 5x{t)5x(t') 


x{t)=Xc{t) 

v{t)v(f) + 0(0^). 


y(t)v{t') + 0(0^-) 
(1.1.48) 


x{t)=Xc(t) 


Ignoring terms of (P(h^'^^), i.e. approximating 
S[x{t)] ^ S'[xc] + ]-h- 


2 6x{t)6x{t') 




(1.1.49) 


x(t)=Xc(t) 


is what we refer to as the semi-classical approximation (4 


For the common Lagrangian L{t) = ^m{x{t)Y — V{x{t)), and for small h, we get 
approximate action: 

S[xc{t) + y{t)] ^ S'[xc] + h J dt (^m{y{t)f - V"{xc{t))y‘^{t)^ (1.1.50) 

Most physical situations of interest take place around a minimum Xc{t) of the po¬ 
tential, i.e. V^'{xc{t)) > 0. A comparison with equation 1.1.45 reveals that the 
approximate action 1.1.50 is that of a harmonic oscillator with (angular) frequency 
uj{t) = (xc(f)), thus showing the importance of evaluating this path integral. 

Example 1.1.9. (Harmonic oscillator) The harmonic oscillator with Lagrangian 
density 

C = \^rn {x^{t) — {t)x‘^[t]) (1.1.51) 


15 


















has the propagator 


K{xf,tf,Xi,ti) = 


m 


Det 


2'Kih{tf — ti) y Det (—5^ + Ci)^(r))) \h 
where Xc is the classical path, r = it and Cj{t) = u{t). 

For a time-independent harmonic oscillator {uj{t) = uq): 00 


exp ( :rS[xc\ (1.1.52) 


K{xf,tf;xi,ti) = 


m 


exp(^S[.d 


27rih{tf — ti) y sm{uJo{tf — ti)) \h 


(1.1.53) 


Proof. We find the Euclidean propagator with Tf = itj,Ti = iti by expanding paths 
around the classical path: x{t) = Xc{t) + vi.'T') where x{t) = x{t) with boundary 
conditions yiji) = 0 = yijf). Again we integrate by parts: 


KE{Xf,Tf]Xi,Ti) = a/e exp 



X 



(1.1.54) 


where y^r) = y{t), oj{t) = u{t). 
We substitute our expression 


Me — 


m 


2mh{Tf — Ti) 


Det 


m 


27ih 


dl 


(1.1.55) 


to get 


KE{Xf,Tf;Xi,Ti) 


m 


2nih{Tf — Ti) 


exp 



(-S9?) 


(S (-3? + 


OJ^iT 


))) 


Now we use exp (—|S'e[5c]) = exp (|S'[a:c]) and the relation 
K{xf,tf]Xi,ti) = KE{xf,Tf]Xi,Ti). Furthermore we cancel the constants 
inside the determinants, as they both yield the same multiplicative constant 
to get 


(1.1.56) 


— from 

cxD m 
j=\ 2 nh'’ 


n 


K{xf,tf,Xi,ti) = 


m 


Det (-^2) 


2TTih{tf — ti) y Det {—d^ + uj‘^{t))) \h 


exp ( y5'[xc] (1.1.57) 


which proves equation 1.1.52 


Note the operators —8“^ and —d"^ + ti;(r)^ are positive-dehnite, so these determi¬ 
nants are well-dehned. 
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To get the time-independent solution |1.1.53 
itly. 


we evaluate these determinants explic- 


Consider the operator —d'^ with boundary conditions y{Ti) = 0 = y{Tf). It has 
eigenfunctions sin(A/\^r) and cos(-v/)ui'7‘) with eigenvalues An- From standard results 
of Fourier analysis, we know the sines (together with ?/(r) = 1) form an orthonormal 
basis for the Hilbert space of functions yir) on [ri,r/] with boundary conditions 
y{ti) = 0 = y{tf). For notational clarity, dehne Ar = Tf — Ti = i{tf — ti). The 
boundary conditions impose that 


Tin 
Ar ’ 


Hence we see that 


Det (-0?) = n 


n eN. 

(1.1.58) 

(Ar)2' 

(1.1.59) 


By similar considerations, we get 

OO 

Det {-d^ + (Ug) = ( 1^0 + 


n=l 




(Ar) 


Therefore their ratio satishes: 


Det i-d^ + 


Un 


OO / TT^n^ I / ,2' 
+ 


Det (-^2) 


n 

n=l 

OO 


(At)2 ^ ^0 


n=l 

OO 


Hb 


(Ar)2 

^g(Ar)^ 

Ti'^n^ 
ulitj - tif 


TT^n^ 


n=l 

sin(a;o(t/ - U)) 


(1.1.60) 


(1.1.61) 


uioitf - ti) 

where we used the relation Ar = i(tf — ti) and the inhnite product representation: 

■^2 


smu 


no 


n=l 




(1.1.62) 


Substituting equation 1.1.61 into equation 1.1.52 gives the claimed result. 


□ 


1.2 Schrodinger equation from the path integral 

Having derived the path integral picture of quantum mechanics from the Schrodinger 
formulation, we will now show the correspondence goes both ways. This shows that 
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quantum mechanics can actually be defined in terms of the path integral, rather than 
by imposing the initially rather mysterious Schrodinger equation. 

We follow the derivations in and 10 , the central idea being variations of the paths. 


We assume definition 1.1.5 of the path integral and propagator, 
ation of the path: 

x{t) —)■ x{t) + 6x{t). 


Consider a vari- 

( 1 . 2 . 1 ) 


Such a variation leaves the path integral unchanged by invariance of the integration 
measure: V[x{t) + 6x{t)] = V[x{t)]. 


We shall need a lemma from Part A Calculus of Variations: 


Lemma 1.2.1. For a variation of the path x{t) as in equation 1.2.1, the variation of 
S is: 




dL 


, fdL d dL\ ^ 
^ \dx dtdx) 


( 1 . 2 . 2 ) 


Proof. We use the definition S' = / df L(t,x{t),x{t)) and the fact that L does not 
depend explicitly on time: 


(5S'[a;(f)] = dt 6 {L{x{t),x{t))) = 


fdL^ dL^. 
dt —ox + —ox 

Y C/CC (yx 


The result now follows by integrating by parts. 
Some important results follow. 


(1.2.3) 

□ 


Proposition 1.2.2. The following relation, which is a path integral version of Ehren- 


fest’s theorem, holds: JQl 


V 


fdL d dL\ f i r<r / m" 


= 0 . 


(1.2.4) 


Furthermore 

^ J ^xit)] exp = ^pf J V[x{t)] exp (1.2.5) 

where pf is defined by pf =p{tf) = |f(t/). 

Proof. Let us consider variations keeping the endpoints Xi and Xf fixed: 


6x(ti) = 0 = 6x(tf). 


Using lemma 1.2.1 


we see that 


5S'[a;(t)] 



d dL\ , 


( 1 . 2 . 6 ) 


(1.2.7) 
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Then from our definition of the propagator: 


6K{xf,tf]Xi,ti) = N' I 'D[a;(f)] (5 ( exp (-S'[x(t)] 


= J\f 'D[x{t)] ^5S[x{t)] exp f ■^S[x{t)] 


( 1 . 2 . 8 ) 


This quantity vanishes, since the propagator only depends on the beginning and 

(1.2.9) 


end of the path and these are hxed by equation |1.2.6[ So by |1.2.7 




h 


As this must hold for all variations 6x{t), we get equation 1.2.4 


To get equation |1.2.5[ we again perform a variation of x, but only keep Xi hxed: 

6x{ti) = 0 , Sx{tf) 7 ^ 0 . ( 1 . 2 . 10 ) 


Most of our previous argument goes through; however by lemma 1.2.1 


6S[x{t)] = p{tf)6x{tf) + dt Sx. (1.2.11) 

We can ignore the second term, as by equation 1.2.4 this vanishes in the path 
integral. Therefore 


5 / Vlxit)] exp ( ^5[x(f)] ) = / V[x{t)] -p{tf)6x{tf) exp ( j^S[x{t)] 


= -p{tf)6x{tf) / V[x{t)] exp ( p:S[x{t)] ) (1.2.12) 


from which we deduce equation 1.2.5 


□ 

We see that this is what motivates the dehnition p = in quantum mechan¬ 

ics. Note the path integral and the propagator only satisfy this equation for x{tf), 
not for x{ti). 


Given that we got interesting results by taking a non-zero variation of Xf, we should 
consider non-zero variations of tf. This is exactly where Schrodinger’s equation comes 
from. 

First we dehne the wavefunction in terms of the propagator: 

Definition 1.2.3. (Wavefunction) Given the propagator K{xf,tf]Xi,ti) o,nd an 
initial wavefunction fj{xi, U) = f{xi), define the wavefunction fi[xffif) at time tf > U 
by: ^ 

fi{xf,tf) = j dxiK{xf,tf;Xi,ti)f{xi) (1.2.13) 
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We now prove Schrodinger’s equation. 

Theorem 1.2.4. (Schr6dinger’s equation) 

The propagator K{xf,tf]Xi,ti) satisfies the following differential equation: S' 

K(Xf,tf,Xi,ti) = 0 

Furthermore, the wavefunction fi{x,f) satisfies the same equation: 


(1.2.14) 


ih^^ - H{t) ) 'fi{x,t) = 0 


Proof. We consider a variation 


6ti = 0, Stf 7^ 0. 


(1.2.15) 


(1.2.16) 


We need to be careful with our limits, as we still need the same endpoint, i.e. 
5x{tf) = 0. So we have to change x{tf) to x{tf) — x{tf)5tf [^. Similarly to lemma 
|1.2.1| , we get variation of the action: 


dL 

6S = L{tf)6tf - x—{tf)6tf = -H{tf)6tf 

where we recognized the Hamiltonian H = x^ — L and used equation 
a term that vanishes in the path integral. 


1.2.4 


(1.2.17) 


to ignore 


Using this on our path integral, we hnd that 

^ J V[x{t)] exp = - J V[x{t)] ^H{tf)exp (^^S[x{t)] ) (1.2.18) 


from which equation 1.2.14 follows. 


Using our dehnition of the wavefunction, and that fj{xi,t.i) = f^xf) is independent of 
time, we get the hnal result. 

□ 


In the proof above, we found that the following relation holds in the path integral: 

(1.2.19) 




This is the Hamilton-Jacobi relation familiar from classical mechanics [^. Again 
we see an equation from classical mechanics that is not true exactly in quantum me¬ 
chanics, but holds inside the path integral. 


Theorem 1.2.4 shows that Schrodinger’s equation follows from the path integral deh¬ 
nition of quantum mechanics and thus the two formulations are equivalent. In doing 
so, we have also seen a correspondence between relations in classical and quantum 
mechanics. 
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1.3 Mathematical considerations: stationary phase 
and zeta-regularization 

In this section we explore two important mathematical aspects of the path integral: 
the stationary phase approximation and zeta-regularization. 


1.3.1 Stationary phase approximation 

The stationary phase approximation is an approximation to path integrals with 
S ^ h. It further provides a “derivation” of the principle of least action in clas¬ 
sical mechanics. It also has connections with localization in supersymmetry, which 
we examine in section 13.31 


Single-variable stationary phase 

We shall be concerned with the behaviour as h —)■ 0 of the integral: 


I(K) := I di exp ( -f(x) 


(1.3.1) 


for some suitably differentiable real function f{x). Note that the integrand satishes 
\exp{if{x)/h) 1= 1, so it is not Lebesgue integrable over M. However, it exists as 
an improper Riemann integral 13 : lim^^oodx exp{if{x)/h), which is how we 
consider it. 


Proposition 1.3.1. Suppose f{x) is a C“(M) function with a single non-degenerate 
stationary point x = Xq, i.e. f'{xo) = 0, f"{xo) ^ 0. Then as h ^ 0.- 

m = j dx exp (1.3.2) 

Proof. We change variable: x = Xq -\- \/hy and Taylor expand f m. y. 

f{xQ + Vhy) = f{xo) + Vhf{xo)y + ^hf{xo)y‘^ + ^h^^‘^f^^\xo)y^ + ... 

= fi^o) + + r{y) (1.3.3) 

where 

oo ^n/2 

''to) = f'E 

n\ 

n=3 

Important to note here is that r{y)/h is a power series in strictly positive powers 
of Vh j^. Thus a Taylor expansion of the exponential exp{ir{y)/h) in the integral 
yields: 

I{h) = Vh j dy exp (^i^f{xo)y^'^ (^1 + . 
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(1.3.5) 







In fact, all non-integer powers of h disappear as the integral of any odd power y'^ 
in this expansion vanishes (the product of y” and the exponential is an odd function): 


I{h) = Vh J dy exp (^^f"ixo)y‘^^ (l + h{.. 


) + n\...) + ...) 


2'n'ih 

\f"M\ 


where we used our familiar Fresnel integral formula. 
Hence in the limit h —)■ 0, the integral satishes: 


(1.3.6) 


1(h) 


2Tiih 

\f”M\ 


as claimed. 


(1.3.7) 


□ 


We took the limits of integration to be over all of M, but in fact the leading 0{\/h) 
contribution is given by integration over any small neighbourhood around Xq. To see 
this, we need Van der Corput’s lemma: 


Lemma 1.3.2. (Van der Corput’s lemma) Suppose f is function on [a,b] 
such that |/'(a;)|> 7 > 0 for all x G [a,b] and that f\x) is monotonic. Then 


dx exp 

where C is some constant not depending on h, a or b. 

Proof. We follow the proof in [I^ . 

Integrate by parts: 

d 


(1.3.8) 


-rfix) ] = dx — — I 

' 'a tf'{x)dx 

jg^-^d.exp(i/(.))T(^ 


= —ih 

Now use 


dx exp ( - 

\h 

exp {jrfjb)) 


h 1 


Tf{x) 




fib) 

the triangle inequality: 

dx exp ( j:fix 


(1.3.9) 


1 

h 


< 


fib) 

1 


fib) fia) 


fif 

1 


+ 


“p i im. 


dx 


dx \f’ix)^ 


(1.3.10) 
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As f'{x) is monotonic, fixed sign and hence we can move the modulus 

out of the integral again to get the bound: 


dx exp ( ^/(^) 


< h 

< h 

< Ch 


rib) 

1 


f'ib) 


+ 

+ 


/'(a) 

1 


/'(a) 


+ 

+ 


dx $- 


dx \r{x) 


f'ib) f'ia) 


where 


C = — > 4 max 
7 


f'ib) 


f'ia) 


which is indeed independent of a, b and h. 


(1.3.11) 

(1.3.12) 

□ 


Now let U be any small interval around the critical point Xq of /, and consider 
the complement ]R\ t/, which is the union of two intervals. Then by the above lemma 



(1.3.13) 


Thus it follows that 


I dx exp y^fia^)j ^ j ~ j \ 


27iih 

\f"M\ 

27iih 

\f"M\ 


O{0^) - 0{h) 


0{h) 


(1.3.14) 


where we used proposition 1.3.1 and equation 


1.3.13 


Thus the leading 0{y/h) con¬ 


tribution comes just from the stationary point. 


We can now prove the stationary phase approximation in generality. 

Theorem 1.3.3. (Stationary phase) Suppose f{x) is a C'“(M) function with non¬ 
degenerate isolated stationary points xi, X 2 ,..., x„. Then as h ^ 0, we have relation: 


J dx exp 



E 



+ o(h) 


(1.3.15) 


Proof. Choose small non-overlapping intervals Ui such that x* G Ui for all i. Then 
M \ Uj Cj is a union of intervals and we can apply equation 1.3.13 to see that their 
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contribution is 0{h). Thus: 


dx exp ( -f{x) ) =Ylj dx exp ( -f{x) ) + 

n 

E 




dx exp ( ^/(^) 


2nih 


2 = 1 




0{h) 


(1.3.16) 


where we used equation 1.3.14 


□ 


If we ignore all terms but the leading 0{\/h) contribution, we get the stationary 
phase approximation-. 


j dx exp 



“ E 

Xi stationary 
points of / 



(1.3.17) 


Principle of least action 

We return to the path integral and consider the regime of classical mechanics, i.e. the 
limit h —)■ 0, or more precisely: the situation |S'|3> h. By analogy with the stationary 
phase approximation for a function / : M —)• M, the path integral 


lim 

h^o 


V[x{t)] exp 



(1.3.18) 


is completely determined by paths extremizing the action, i.e. paths xdt) satisfying 


(5S'[x(f)] 

= 0 

5x{t) 

x{t)=Xa(t) 


(1.3.19) 


which is exactly the classical equation of motion! This shows the correspondence 
principle: quantum mechanics reproduces classical mechanics in the appropriate limit: 


1.3.2 Zeta-regularization 

In section 1.1. 2| we dehned the determinant of suitable inhnite-dimensional operators 
as the product of its eigenvalues, generally giving an inhnite answer. 

Here we shall provide a common, but powerful alternative: the zeta-regularized 
determinant. The main idea is to use analytic continuation of certain meromorphic 
functions to make the inhnite eigenvalue product hnite. 


Definition 1.3.4. (Zeta-regularized determinant) As in definition \l.l.d\ let T-L 
be a separable Hilbert space and A : H ^ H an elliptic, self-adjoint linear operator 
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with a complete set of eigenvectors and associated eigenvalues Define its 

spectral zeta function Ca{s) by 

OO -j 

(As) = Z T7 (1-3-20) 

n=l 


for large enough Re(s) such that this converges. Use analytic continuation to extend 
this function to the complex plane. By a standard result in functional analysis this 
function is meromorphic and differentiable at 0. Then define the (zeta-regularized) 
determinant of A as: 

det A = exp(—^^(0)). (1.3.21) 


To see what motivates this dehnition, consider differentiating eqnation 1.3.20 
term-by-term to get the formal expression: 


n=l 



so that (again formally) 


exp(-CA(0)) = exp 



If A 

n=l 


(1.3.22) 


(1.3.23) 


Of course the difference here is that equation |1.3.22 only rigorously holds for 
large enough Re(s). Therefore the identity Ca( 0) = “ log An is merely a formal 
expression resulting from our interpretation of Ca(0) 



(1.3.24) 


Similar ideas applied to the Riemann zeta-function gives identities such as — 

— 1/12. As absurd as this may seem, these ideas will be useful to us: we are inter¬ 
ested in ratios of determinants and these will be the same for the regularized and 
non-regularized versions. 


We shall consider the regularized determinants for the free particle and harmonic 
oscillator and compare the results for the propagator as given in sections 1.1.2 and 
1.1. 4[ Naturally the free particle result will be the same, as we can simply redefine 


the normalization W. The harmonic oscillator however, will be a non-trivial case and 
we shall get the same final result. 


Example 1.3.5. (Free particle determinant) Consider the operator A = —d’f. 
on the space of functions y : [Ti,Tf] -A- M satisfying y{Ti) = 0 = y{Tf). Its regularized 
determinant satisfies 0 

det A = 2(r/-Ti). (1.3.25) 
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Proof. Define At = tj 
eigenvalues A„ = 


Ti. 


Recall from example 1.1.9 that the operator A has 


We calculate the spectral zeta-function: 


0(s) 


n=l 


/ Tin \ “2s 




(1.3.26) 


where C(s) = ^ standard Riemann zeta-function. 


Thus the derivative satishes 


cm = 2 ' 


log ( ^ I C(2s) + C'(2<i) 


s=0 


= 2 
= — log (2Ar 




(1.3.27) 


where we made use of the well-known identities: (C(0) = — C^O) = 
Using this in the dehnition of the regularized determinant, we hnd: 

det A = exp (log(2Ar)) = 2(r/ — Ti). 


Alog(27r). 


(1.3.28) 

□ 


The example above describes the general strategy when evaluating spectral zeta- 
functions: try to write it in terms of well-known functions for which you know relevant 
values and use them to evaluate the derivative at 0. We were very fortunate in this 
example that we were able to express it in a particularly simple form; generally we 
will not be so lucky. 


Now let us analyse a more complicated system: the harmonic oscillator. 


Example 1.3.6. (Harmonic oscillator determinant) Consider the operator 
Ai_j = (withuj a constant) on the space of functions y : [Ti,r/] —)■ M satisfying 

y{Ti) = 0 = y{Tf). Its regularized determinant satisfies 0 


det A^^ 


^ smh{cj{Tf - Ti)) 

u 


2.j Sin(a;(t/ -U)) 
OJ 


(1.3.29) 


Note this reduces to the free particle determinant in the limit a; —)■ 0. 
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Proof. We follow the proof in [^. We will use without proof their expression for the 
spectral zeta-function as a sum of elementary functions. 


Note is positive-dehnite, so its determinant is well-dehned. As before, dehne 
At = Tf - Ti. 


Recall that the eigenvalues of —d^ are = 
of is 


(T/-ri)2 

2s oo 


Thus the spectral zeta-function 


a.w = (v) 


,2\-s 


(1.3.30) 


n=l 


where we dehne z/ = uAt/tt. This is the so-called Epstein zeta-function which gives 
us the expression 

(1.3.31) 


1 [At^ 


+r(s) 

where r(s) is the familiar gamma function and F{s) is a function expressed in terms of 
gamma functions and a modihed Bessel function of the second kind. See for details. 
Crucial here is that F{s) is regular at s = 0 and that F(0) = —tv + 


Taking the derivative of equation 1.3.31 yields: 


C'a (0) = - log ( —1 + lim 


TTs) 


F{s) + 


F'is] 


TV J s^o y r2(s) r(s) 

Now use the expression r(s) ~ 1/s as s —)■ 0 to hnd that: 


(1.3.32) 


= - ‘°s (^) + = - ‘°s + f) 


exp{—2Tnv) 


n 


(1.3.33) 


where we eliminated a term by using regularity of F at 0 and our expression for r(s). 
To evaluate the inhnite sum we take a derivative: 


1 d exp{—2Tnv) 
2 t dv ^ n 


exp{—2Tnv) 


~,—2nu 


1 — e 


—2'ku 


(1.3.34) 


Thus, up to an additive constant C, we hnd our sum by integrating: 


E 

n=l 


exp(—27r?7,z/) 


-,—2 'ku 


= —2t / dv 


n 


1 — e 


—21^1^ 


= C - log (1 - 


= C - log 

= C + TV — log(2 sinh(7rz/)). 


(1.3.35) 


Using now that hmi,_,.oo _ g hmj,_,.oo log (1 — e ^^^) = 0, we 

hnd that (7 = 0. 
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Upon substituting equation 1.3.35 into 1.3.33 we find: 


Ca (0) = log ( —) + log(2sinh(7rz/)) = log 
TTV J 


2sinh(a;Ar)\ 


u 


) 


Now use Ar = i{tf — ti), and that sinh(ia;) = sin(a;), to find that 

'2 sin(a;(t/ — U))' 


-Ci,(0) = - log 


u 


as claimed. 

Therefore the ratio 

det(-a2) 


u 


(^/ - u) 


Uj{tf - ti) 


(1.3.36) 


(1.3.37) 

□ 

(1.3.38) 


det(—-|- uj'i) sinh(c(;(r/ — Ti)) sin(a;(t/ — U)) 

is the same as for the non-regularized determinants. When we substitute this into 
the determinant expression for the harmonic oscillator propagator (equation 1.1.52), 
we see that the physically relevant quantity is indeed unchanged. 










Chapter 2 

Mathematical preliminaries for 
supersymmetry 


In the first chapter, we discussed the path integral in quantum mechanics. In the next 
chapter, we shall consider supersymmetric quantum mechanics and shall generalise 
this to take place on arbitrary Riemannian manifolds. To give the necessary back¬ 
ground, and to set the notation, we shall discuss Grassmann (fermionic) variables 
and differential geometry. 


2.1 Grassmann variables 


For the purposes of describing fermions in supersymmetry, we will use so-called Grass¬ 
mann variables. 


Definition 2.1.1. (Grassmann variables) Grassmann variables are an associa¬ 
tive, anticommutative algebra, with the following properties (for Grassmann variables 
and real variable X): |^[7^ 

• Anticommutativity: 

• Gommutativity with real numbers: fjX = Xfj. 


• Integration: 


dip = 0 , 


j ipdip = 1. 


For multiple Grassmann variables ipi,... ,'ipn we use the convention: 


( 2 . 1 . 1 ) 


f ih ■ ■■i’nii’l ■ ■ .dl/’n = 1. 


( 2 . 1 . 2 ) 


The correspondence between (anti-)commutation relations above with (anti-)commutation 
relations of creation operators are why these are sometimes called fermionic variables 
and real variables are called bosonic variables. 
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Note that anti-commutativity implies that = 0 for any Grassmann variable. 
Hence the most general analytic function of a single Grassmann variable is flip) = 
a + bp; for a, 6 G M. 

Finally, we consider Grassmann integrals. 

Proposition 2.1.2. Let f{tpi,... ,'ipn) be an analytic function of Grassmann variables 
..., V’"' with power series expansion 


/(V^i,...,V’n) = (2.1.3) 

Then 

j dV'fo .. dV'"/('0i,..., V'n) = (2.1.4) 

Proof. As = 0 for jk > 1, the sum is hnite. Thus we can exchange sum and 

integral: 

J dV’"/(V’i, • • •, V’n) = y dV'fo .. d^/>” ... iijy" 

= E [dy...dryy...{ry-. ( 2 . 1 . 5 ) 


Now use equation 2.1.1 to see that this hnal integral vanishes unless jk = 1 for all k, 
when it equals 1 by equation 2.1.2 Hence: 


dy ... dV’"/(^l, . . . , V’n) = 


( 2 . 1 . 6 ) 


□ 


2.2 Differential geometry 


In this section we give an overview of basic notions of differential geometry that will 
be relevant when discussing SUSY QM on manifolds. We will take a “physicist’s 
approach”, in which we state most results without proof, but will provide examples 
to explain the ideas. 

There are many excellent books discussing the topic, with slightly different ap¬ 
proaches. We shall roughly follow [^, |[^ Ghapter 1] and 11, Ghapter 5 — 7]. 


2.2.1 Manifolds 

Let us hrst dehne a smooth manifold. One should think of this as a space that looks 
locally Euclidean. 

Definition 2.2.1. (Manifold) A topological space M is a smooth n-dimensional 
(real) manifold if flDj 
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• There is a set of pairs {{Ua,(fa)} where {Ua} is an open covering of M and 
each cfa is a homeomorphism (fa '■ Ua ^ Va onto an open subset Va ofMT. 

• If for any a and (3: UailUg ^ 0, then the transition function (pa°(fg^ ■ Vg ^ Va 
is smooth, i.e. infinitely differentiable. 

We call a pair ([/„, (fa) a chart and the collection {{Ua, (fa)} an atlas. We call (fa a 
coordinate fnnction or coordinates. The fnnction (fa is represented as a real n-vector: 

, x”) G M”. By a slight abnse of notation we also call these x* coordinates. 

While we have dehned the manifold by referring to a specihc atlas, there are many 
different possible atlases and we think of the manifold as existing independently of 
the choice of atlas. As a usefnl analogy, one might consider vector spaces existing 
independently of a choice of basis, even thongh they can be dehned in terms of them. 

In the following, by “manifold” we shall mean a smooth real manifold, nnless ex¬ 
plicitly stated otherwise. 

Example 2.2.2. The unit n-sphere 8“^ defined by {(xi,... ,Xn+i) G M"' : = l} 

with its induced topology is an n-dimensional manifold. 

Proof. Stereographic projection from two poles yields two charts that form an atlas. 

□ 


Given two manifolds M and N, we can dehne their product manifold. 

Definition 2.2.3. (Product manifold) Let M be an m-dimensional manifold with 
atlas {{Ua,(fa)} o^nd N an n-dimensional one with atlas (f'g)} ■ Define the prod¬ 
uct manifold M x N to be the topological space M x N with the product topology and 
the atlas {((f/« x U(),{(fa,(f'g))}. 

Example 2.2.4. The torus is the product manifold x . 

We now dehne a fibre bundle. Intnitively, this is a manifold B, the base space, 
over which at each point x E B, there is another manifold called the hbre at x. 
As an analogy, consider a hairbrnsh, where the handle forms the base space and the 
bristles form the hbres. 

The important point is that locally the bnndle looks like a prodnct manifold BxF. 

Definition 2.2.5. (Fibre bundle) A smooth fibre bundle is a A-tuple {E, B,ti, F) 
where E,B,F are smooth manifolds and tt : E ^ B is a continuous surjection such 
that for any point x E B, there is a neighbourhood U E B and a homeomorphism 
(f : U X F ^ n~^{U) satisfying: 

(7ro0)(x,/) = X (2.2.1) 

for all X E U and f E F. 

A section f of a fibre bundle is a continuous map f : B ^ E satisfying 7r(/(x)) = 
X for all X E B This locally looks like / : x h-)■ {x,g{x)) for some function 
g : U ^ F, thus generalising the notion of a graph. 
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We are interested in vector bundles, where the manifold F is a real n-dimensional 
vector space and the map v i—)■ ^(a;, v) is an isomorphism between F and M”. 


We should think of a vector bundle as follows: at every point x G B there is a 
vector space F^, which are isomorphic to each other, but not the same. Hence we 
cannot, for example, add vectors in different fibres. In our hairbrush; all the bristles 
are equivalent (homeomorphic), but not equal. 

An important example defined below is the tangent bundle. Intuitively, the tangent 
space is given by derivatives of curves, and the tangent bundle is the collection of all 
tangent spaces. 

Definition 2.2.6. (Tangent and cotangent bundle) Consider an n-dimensional 
manifold B, a point x & B and local coordinates {x^}. Define an equivalence relation 
~ on the set of curves { 7 * : (—e, e) ^ B \ 7 i( 0 ) = x} by 7 * ~ 7 ^- if 


dx'"(7i(f)) 


df 


t=o 


dx>^(^fit)) 


( 2 . 2 . 2 ) 


We identify a tangent vector X with an equivalence class of such curves. In co¬ 
ordinates we can express the vector X as X = X^d^, where dn = and X^ = 




dt 


and where we used the summation convention 


t=o 


III 


The space of all tangent vectors X at x forms the tangent space at x, denoted 
T^B, and the collection of all tangent spaces at different points on the manifold B 
forms the tangent bundle: 

TB = [j T^B. (2.2.3) 

x£B 


As a finite-dimensional vector space, T^B has a dual space TfB called the cotan¬ 
gent space of linear maps f : T^B —)■ M. We call elements in TfB 1-forms. The 
collection of cotangent spaces forms the cotangent bundle: 


T-B = U T:B. 

xGB 


(2.2.4) 


From the dehnition of the tangent space T^B, and given local coordinates {x^}, 
we note that the vectors {d^} form a basis for T^B. Then TfB has an associated 
dual basis {dx'^}, satisfying = 5(; where we dehne the inner product as 

(0, V) = (p{V) = V{(p) for V e and e TfB. 


Given tangent and cotangent spaces, we can uniquely define tensor spaces of ten¬ 
sors Q of type {p, q), which are multilinear maps 

Q : T*B X ... X T:B X x ... x ^ M. (2.2.5) 

' - " -- -^ 

p copies 9 copies 
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2.2.2 Riemannian manifolds 


The manifolds that we will discuss in supersymmetry are Riemannian manifolds, in 
which each tangent space has an inner product. 

Definition 2.2.7. (Riemannian manifold) A Riemannian manifold is a pair 
where B is a manifold andg = g{x) is a smooth function g{x) : T^BxT^B —)■ M 
defining a (positive-definite) inner product 

We think of (7 as a smooth (0, 2)-type tensor held g^y = g^y{x). It is invertible 
with inverse g^'^ satisfying g^^gpp = 

The metric dehnes lengths of curves on the manifold: let x{t) be a curve in B and 
be local coordinates. Then the length of the curve is 

/■ , I daTdaT , , 

L[x{t)] = j (2.2.6) 

As an inner product, it also gives a notion of angles between curves. 

The metric itself is unable to relate nearby hbres on a manifold. This is where 
the idea of a connection comes into play; however we can only dehne “constancy” on 
curves, not globally. 

Definition 2.2.8. (Connection) Let E he a fibre bundle with base space B. Let 
T(E) be the set of smooth sections of E. A connection V is a linear map E 

W :V{E) ®V{E) (2.2.7) 

(where is the set of all sections of 1-forms) satisfying the Leibniz rule: 

V((T ®/) = Vcr ® / + (T ® d/ (2.2.8) 

for any smooth section a and smooth function f. 

In local coordinates {x^}, the connection acts as 


Vpf = dpf 


(2.2.9) 


for any function /. Further 


( 2 . 2 . 10 ) 

for any vector held V^, where we call the connection coefficients or Christohel 
symbols. The Leibniz rule extends this to arbitrary tensors, so the connection is 
completely specihed by 

A Riemannian manifold has a special connection: the Levi-Civita connection, 
which is the one we shall be concerned with. 
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Theorem 2.2.9. (Levi-Civita connection) Any Riemannian manifold {B,g) ad¬ 
mits a unique metric-compatible connection (Vg = 0) that is torsion free 
called the Levi-Civita connection. In coordinates: 

+ d^,g^^ - d^g^^). ( 2 . 2 . 11 ) 

We are now ready for the final ingredient in our discussion of Riemannian mani¬ 
folds: curvature. 

Definition 2.2.10. (Curvature) Define the curvature tensor as a failure of 
the connection to commute: 


(v„V„ - V„V„) V" = (2.2.12) 

for any vector . Then in coordinates: 

( 2 . 2 . 13 ) 

This measures locally how much the space is not “flat”, or how it locally differs 
from Euclidean space. Note curvature is an intrinsic property of the manifold and 
independent of any embedding. 

Proposition 2.2.11. The Riemann tensor R^^ap has the following symmetries: 


Bpi/ap Civpap 

Rpuup Rpupa 


R 


ftucrp 


R 


ficrpu 


Rppua 0 


Proof. This follows from the coordinate expression 2.2.13 


(2.2.14) 

□ 


Proposition 2.2.12. For any point Xq & B there exist coordinates {x^} around Xq 
such that 

d\gpv{xo) = 0, gpu{xo) = 5^y{xo) (2.2.15) 

in these coordinates. Then 

= 0 

and further 

RapuAo) = df,TP^^{xo) - d^TP^^ixo). (2.2.16) 

Call these Riemann normal coordinates. 


2.2.3 Differential forms 

We can use tensors to define differential forms, which shall be of major importance 
when discussing supersymmetry on manifolds. 
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Definition 2.2.13. (Differential form) A differential form of order r, (or an 
r-ioim.), is a totally antisymmetric tensor of type (0,r) flDf . 

The space of all r-forms at x E B is denoted by AfB. The exterior algebra 
AfB is the direct sum of these: 


KB = 0 A'B. (2,2,17) 

7’6Z>o 

From this we can form the exterior bundle A*B: 

A*B = IJ AIB. (2.2.18) 

x^B 


Define Q'^{B) to be the space of smooth sections of A^B, where we identify fl^{B) 
as the space of smooth functions on B. 

We define the wedge product (or exterior product) on the exterior algebra as 
follows: for a g-form oj and an r-form the wedge prodnct a; A is a totally anti¬ 
symmetric (g -|- r)-form given by: [ll] 

(cn A '^)(Vl) ■ ■ ■ 5 h^+r) = ~\if\ ^ ^ Sgn(cT)cn(W(l), . . . , Vu(q))(,(Va-{q+l)j ■ ■ ■ W-(i}+r)) 

o-eSym((j-|-r) 

(2.2.19) 

where the Vi are vectors, Sym(g + r) denotes the permntation gronp and 
sgn : Sym(g + r) —)■ {-|-1, —1} the sign-fnnction on permntations. 

We shall need the following proposition, which we do not prove here. 

Proposition 2.2.14. Let V be an n-dimensional vector space with basis {vi}i<i<n. 
Then the set A ... A 
Hence 

d%mA^V=(^y (2.2.20) 

Specifically, dim A'^V = 1 and dim A^V = 0 if r > n. 


From this proposition, we gather that A*^B is a graded algebra, the grading being 


provided by the order. Also the direct snm in 2.2.17 is finite: 




( 2 . 2 . 21 ) 


r=0 


Fnrthermore, as dimA^’P = dimA"^“'’lA, these spaces are isomorphic. We shall see 
later that for Riemannian manifolds, there is a canonical isomorphism given by the 
Hodge star. 

Let ns look at an example of differential forms on a vector space V. 

Example 2.2.15. Let R = and let Ur E 12^(M^). Then they are of the following 
form 
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1. ujQ = f{x,y,z), 

2. oji = Uxdx + ojydy + ojzdz, 

3. UJ 2 = ojxydx A dy + ujyzdy A dz + ujzxdz A dx, 

4- Us = Uxyzdx Ady A dz, 

where /, Ux, ujy, oOxy, ■ ■ ■ are all smooth functions on 

Later we shall see that we can identify 0-forms and 3-forms with functions and 
1-forms and 2-forms with vectors. 

Given a map F : B ^ B, there is a natural induced map on differential forms. 

Definition 2.2.16. Given a map F : B ^ B, define the pullback F* : QP{B) —)■ 
Q.^{B) by §/ 


F*U) = foF 

F*{df) = d{foF) (2.2.22) 

for f G LF{B) and extend to p-forms via: 

F*{a A/3) = F*{a) A/3 + aA F*{/3). (2.2.23) 

Then in coordinates 

F* I ^ aj,,...,ip(x)dx*i A ... A dx*^ 

= a^„...,ipiF{x))d{F^oF)A...Ad{F-oF) 

= a^,_^p{F{x))d{F^^{x)) A ... A d(F*-(x)). (2.2.24) 

Definition 2.2.17. Let {B,g) be a Riemannian manifold. Define an inner product 
on the spaces hJTxB on decomposable r-forms by 


{vi A V 2 A ... A Vr, Wi A W 2 A ... A Wr) = det ((uj, Wk)) (2.2.25) 

where the inner product on the RHS is defined by the metric . Extending this 
linearly to all r-forms gives the full inner product. 

Now we can finally discuss the object of central importance to us: the exterior 
derivative, which shall be identified with an important operator in supersymmetry. 


36 


Definition 2.2.18. The exterior derivative is a map —)■ 

defined such that on an r-form 


it acts as IB 


OJ = A ... Adx^’' 


drUJ = — dx"" A dx'"^ A ... A dx 

T*! r~ 


fir 


Now define d : fl{B) —)■ fl{B) by = d^. 

We call an r-form a closed if da = 0 and exact if there exists an (r 
fi satisfying a = d(3. 


(2.2.26) 

(2.2.27) 


l)-form 


We state here some of its important properties. 

Proposition 2.2.19. The exterior derivative is the unique linear map d : Vt{B) —)■ 
Vl{B) such that: W 

1. If f E Tl^{B) then df is the derivative off 

2. It squares to zero: 



(2.2.28) 


3. If a e nP{B) then 


d(a A (3) = da A /3 -\- (—l)^a A d/3. (2.2.29) 


Proof. Chase calculations using the definition. Note commutativity of partial deriva- 

□ 


tives is crucial in proving equation 2.2.28 


We do not consider uniqueness here. 

Let’s return to and see what the operator d looks like. 

Example 2.2.20. Consider the differential forms Ur G 12^(M^), expanded as in ex¬ 
ample 2.2.15 . 

1. For a function f: 


d/ = d^fdx + dyfdy + djdz 
which we identify with qrad f. 

2. For a 1 -form Ui: 

dwi = d {uxdx + iOydy + Uzdz) 

= dUx A dx + dojy A dy + du^ A dz 


where we used proposition \2.2.19\ Thus: 

dwi = {dxOJxdx + dyUJxdy + dzOJxdz) A dx + ... 

= {pzOJx — dxOJz) dx A dx + [dyOJx — dxOJy) dx A dy 
+ {dyUz - dzUJy) dy A dz 

which we identify with the curl of a vector. 


(2.2.30) 


(2.2.31) 


(2.2.32) 
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3. Similarly for a 2-form 002 : 

du 2 = {dxOJyz + dyUzx + dzCOxy) dx A dy A dz (2.2.33) 

which we identify with the divergence of a vector. 

Thus the familiar relations curl grad = 0 and div curl = 0 are both consequences 
of d^ = 0. 


De Rham cohomology 

We saw that d satishes the property d^ = 0, so that all exact forms are closed. A 
natural question to consider, is if there are any closed forms that are not exact and if 
so, what the space parameterising them looks like. This is precisely what De Rham 
cohomology captures. 


Definition 2.2.21. (De Rham cohomology) Let B be an n-dimensional manifold. 
The p-th De Rham cohomology group is defined as the guotient vector space 


KniB) 


Kei dp : Dp+^{B) 

\mdp_i : fiP-i(R) ^ VtP{B) 


(2.2.34) 


with operation 


[wi] A [0J2] = [uJi A U2] 


(2.2.35) 


where [a] denotes the equivalence class of p-form a. 

We define the p-th Betti number of B to he the dimension of the p-th De Rham 
cohomology group of B: 

bp{B) = dimif^^(R). (2.2.36) 

Define the Euler number x{B) of B as the alternating sum of Betti numbers: 


X{B) = = boiB) - b,{b) + ■ • • + (-l)X(i?) (2.2.37) 

p=0 


which is a finite sum as fl'^{B) = 0 for all r > n. 

For 2-manifolds (surfaces), this dehnition Euler number is equivalent to that de- 
hned through subdivisions (tilings) of a surface as x{B) = V — E + F, where V is 
the number of vertices of the tiling, E the number of edges and F the number of faces. 


We begin with a simple result: 

Proposition 2.2.22. The d-th De Rham cohomology group of a manifold B is egual 
to with k the number of connected components of B. ^ 

Proof. From the dehnition, / G FIf)j^{B) iff df = 0, iff / is constant on each connected 
component of B. Each constant is a real number, giving parameter space M. The 
result follows as / is allowed to vary between connected components. □ 
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We now give, without proof, the De Rham cohomology groups of some simple 
manifolds: 

• For M” we have the Poincare lemma: = 0 if p > 0. 

From the appropriate identihcations with grad, div and curl, this shows the 
well-known results in that 


— if V A 0 = 0, then (j) = V/ for some function /. 

— if V ■ 0 = 0, then 0 = V A V’ for some vector held tlj. 


• For the circle Rh = M. 

• For the 2-torus T^: = M, and Hl^{T^) = M. 

We check that x(T) = 1 — 2-|-l = 0, as expected. 


• For the n-sphere S^: = Mifp = 0orp = n and is 0 otherwise. 

Again we check that x(5'^) = 1 — 0-|-l = 2. 

In fact, De Rham cohomology is homotopy invariant |^, which means that, for 
example, the Poincare lemma can be extended to any contractible manifold, i.e. one 
homotopic to a point. 

Specihcally for the n-dimensional disk D"', we have that = M and 

= 0 for p > 0. We shall use this in section 3.4 to prove Brouwer’s fixed-point 

theorem. 


Finally, note that the pullback F* of a map F : M ^ M induces a map on the 
De Rham cohomologies via 

F* [a] = [F*a] (2.2.38) 

with a G VF{M) and [.] denoting its equivalence class. 

Orientability, integration and Hodge dual 

We can use differential forms to dehne orientations. 

Definition 2.2.23. (Orientability) Let B be an n-dimensional manifold. Then B 
is orientable if there exists an everywhere non-zero form uj G Q^{B) (called a volume 
form) 

We call two orientations equivalent if they are related by a strictly positive func¬ 
tion: Cj{x) = h{x)uj{x), where h{x) > 0 everywhere. Thus a connected orientable 
manifold only has two inequivalent orientations corresponding to the two possible 
signs. 
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Definition 2.2.24. On Riemannian manifolds, there is a particular volume form dV 
of interest: 

dV = ■\/det(5f)da;^ A ... A dx” (2.2.39) 

which is independent of the chosen coordinate system. 

Then define the Hodge dual * hy ^ 

9 = {e,f:)dV (2.2.40) 


for any r-forms The Hodge dual is invertible and defines a canonical isomor¬ 

phism between f2^(S) and 

Example 2.2.25. It is Hodge duality that allows us in to identify 0-forms with 
3-forms and 1-forms with 2-forms, and to identify grad, curl and div in example 

It also gives a way to define the cross product: let v and w be two 1-forms repre¬ 
senting vectors in Then their cross product is 

V X w = *(v Aw)e f2^(M^). (2.2.41) 


A crucial feature of differential forms is that we can integrate over them. Note 
that under coordinate transformations, their antisymmetry gives exactly the desired 


Jacobian determinant. We give the technical definition as in 11 


Definition 2.2.26. (Integration) Let B be a compact, orientable n-manifold and 
u a volume form. Let {Ui] be an open covering of B such that every point x E B is 
only in finitely many Ui. Further, let {ej(a;)} be a partition of unity subordinate to 
{Ui}, i.e. a family of functions e* : iJ —>■ M satisfying 


• 0 < ei{x) < 1 for all x G B; 


• ei(x) = 0 if X ^ Ui,- 

• YliiU{.x) = 1. (This is well defined as x is only in finitely many Ui.) 

Define 0 Ji{x) = ei{x)u{x), so that u{x) = property. 

Let X* be coordinates with coordinate function 0. Then we define the integral of a 
volume form oj = fdx^ A ... A dx"' on Ui by 




dx^dx'^... dx"'f{(j) ^(x)) 


(2.2.42) 


where the right hand side is just a repeated real integral This turns out to be inde¬ 
pendent of the choice of coordinates. 

Then define the integral of uj over B as 



(2.2.43) 
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Use the integral to define a global inner prodnct on by 




^ 0 A *'0 


(2.2.44) 


for e 

Since d is an operator on differential forms, it has an adjoint d^ : Q{B) —>■ fl{B) 
defined by {6, d0) = (dl6', 0) for r-form 6 and (r — l)-form 0. 

Definition 2.2.27. Define the Laplacian operator on differential forms by 

A = ddt + dM. (2.2.45) 

We call a differential form h harmonic if Ah = 0 and denote the space of all 
harmonic r-forms by 'W{B). 

Proposition 2.2.28. Let B be a compact manifold without boundary. An r-form h 
on B is harmonic iff it is closed (dh = 0) and co-closed {Wh = 0). 

Proof. Ah = 0 iff {f, Ah) = 0 for any r-form f. Pick f = h to get 

{h, (dd^ -|- dM)h) = {dh, dh) {d^h, d^h) (2.2.46) 

and this is 0 iff dh = 0 and d^h = 0. □ 

We shall now state a crncial relation. 


Theorem 2.2.29. (Hodge decomposition) Let 6 be a differential form. Then it 
has a unique decomposition |77|/ 


where h is harmonic. 
Thus 


9 = h -\- da + d^/3 


W{B) - W^^{B) 


(2.2.47) 


(2.2.48) 


Proof. We do not prove existence here. Uniqneness follows from applying d and d^ 
to the above eqnation and using proposition |2.2.28[ 


For equation 2.2.48 


we use that ker dM = ker d and ker dd^ = ker d^ (which 
follows from positive-definiteness of the inner product (, )), to see that dd^fd ^ 0 
if dl/3 7 ^ 0 and dMa 7 ^ 0 if da 7 ^ 0. Then ker d corresponds to forms of the form 
6 = h + da, giving the result. □ 
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Chapter 3 

Supersymmetric quantum 
mechanics 


In this chapter we finally introduce supersymmetry. We first give an introduction 
in fiat space (M"'), and then introduce supersymmetry on Riemannian manifolds. 
Finally, we use results from the previous chapter to prove the Gauss-Bonnet-Chern 
and Lefschetz fixed-point theorems. 

Citations from refer to chapters 9.1 — 9.3 and 10.1 — 10.4. Citations from 0 
refer to chapter 12.9. 

3.1 Introduction to supersymmetric quantum me¬ 
chanics 

Informally speaking, a supersymmetric quantum mechanical model is one in which 
the action S depends on both bosonic and fermionic (Grassmann) variables, with a 
symmetry relating the two that leaves S invariant. 

We first analyse two examples of SUSY QM in fiat space that elucidate its most 
important features. 

Example 1: real variables 

Let’s start with a simple model, with real bosonic variables Xk, fermionic variables 
'ipk and Lagrangian (using summation convention): 

L = (3.1.1) 

where (') denotes differentiation with respect to time t. 

Proposition 3.1.1. This system is invariant under the following transformation: |7i] / 

6xj = iefiij, Sfij = —exj (3.1.2) 
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where e is a real infinitesimal Grassmann constant. This is called a supersymmetry 
transformation as it relates bosons and fermions. 

Proof. To check invariance, we calculate 


5L = Xjdxj + - ( dfij-ipj + ipjSipj 


= Xj—Sxj + - ( + ijjj—dfj 


dt 


dt 


where we used commutativity of ^ and 5. Thus 


6L = iexjfij + - {^—exjfij — fijCXj 


where we used anti-commutativity between e and 'fij. 

Thus S = j dt L is invariant. 

If we had allowed e to be time-dependent, we would have had 


(3.1.3) 


(3.1.4) 

□ 


5S 


dt iexjfjj 


(3.1.5) 


from which we dehne the supercharge Q for this transformation: 


Q = ixjipj. 


Then in equation 3.1.4 


6L 


1 ^ 
2 dt 


Consider the change in Q under our supersymmetry variation 3.1.2 


6Q = ixjdipj + i {Sxj) -ipj 
= —iedfij — 

= —2ieL 


(3.1.6) 

(3.1.7) 


(3.1.8) 


where we used anti-commutativity of e, fij and fij. 

So the variation of Q produces the Lagrangian, which is a general feature of SUSY 
QM. Comparing equation 3.1.2 with |3. IT and 3.1.8, we see that the roles of bosonic 
and fermionic quantities have interchanged. 
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Example 2: complex variables 

Let’s consider a slightly more complicated model, with one bosonic variable x, two 
(complex) fermionic variables: '0 cind its complex conjngate -0 = -0^, and with La- 
grangian: 

L = — '0'0) — — h''{x)^ip- (3.1.9) 

The qnantity h{x) is called the superpotential. 

Proposition 3.1.2. This system is invariant under the following SUSY transforma¬ 
tion ^ 

5x = ef) — efj 
(50 = e{ix + h' {x)) 

(50 = e(—ii; + h'(a;)) (3.1.10) 


where e is an infinitesimal complex Grassmann constant and e its complex conjugate. 
Proof. We check: 


5L 


x6x + - 


- • -d((50) 

(500 + 0 ^^ 

at 




- h'5h' - (5h"00 - h"(500 - h"0(50. 


(3.1.11) 


Now use equation 3.1.10 and the chain rule 5h' = h"5x] 5h" = h"'5x to see that 
5h"'ipf) = 0 as 0^ = 0 = 0^. Plugging everything in: 


5L = x(e0 - 60) + - 


e{—ix + h')0 + 0e (+ -—h ') — e ( —ix + -—h' J 0 


dt 


dt 


-ij)e{ix + h') — h'h" {ef) — ef)) — h” e{—ix + h')ip — h'''tpe{ix + h'). (3.1.12) 


Now use the anti-commutation relations of the fermionic variables 0,0, e,e and the 
chain rule: = h”{x)x to get: 


5L = efjx — eijjx -\- - exfj -|- ieh'fj + e'lpx — iefjxh'' — exfj — iexh''ip — c'lpx + iefjh' 


— h'h"exj -|- h'h''ef) -|- iU'scei/j — h''h'ef) -|- ih"xeijj U'e^jh'. 


(3.1.13) 


A lot of terms cancel; furthermore we can group terms: 


5L 


^ ^x0 -f xij^j — ^ ^i;0 -|- xf?j + 

^ Qe0 {x + ih') + (-X ih') 


/i'0 -|- i:/i"0 


+ 


1 _ 

-e 

2 


{h'f) -|- xh 



(3.1.14) 


which is a total derivative, thus not changing S = J Ldt. 


□ 
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So far, we have assumed e, e are time-invariant; if we allow them to be time- 
dependent, then 

6S = J dt{—ieQ — ieQ) (3.1.15) 

where Q, Q are the supercharges: 

Q = i>{ix + h'{x)), 

Q = ^p{—ix + h'{x)). (3.1.16) 

The conjugate momenta for x and ip are given by p = dL/dx = x and vr.^ = 
dL/dip = ip). We then perform a Legendre transform on the Lagrangian to hnd the 
Hamiltonian: 

H = p^ + - L 

= -I- ^h'{xY + h"{x)^}^!. (3.1.17) 

Now let us quantize the system. We impose commutation relations for bosons and 
anti-commutation relations for fermions: 


so that 


[x,p\ = i 

(3.1.18) 

{ip.Ti^] = i 

(3.1.19) 


[x,p\ = i 

(3.1.20) 

{'iP,iP] = 1. 

(3.1.21) 


All other (anti-)commutators vanish. 

In quantizing the Hamiltonian, there is an operator ordering ambiguity; we choose 


E 


H 


+ Ih'ixf + lh”{x){'ipip - ipip). 


(3.1.22) 


Now dehne the vacuum state |0) as annihilated by ip: 


V^|0) = 0 (3.1.23) 

and dehne fermionic states ('0)"^ |0) by using the “raising operator” ip. Since tp"^ = 0, 
this is a 2-dimensional space spanned by 


{| 0 ),^| 0 )}. 


Thus the total Hilbert space of states is 


(3.1.24) 
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(3.1.25) 


where 


= L2(M,C) |0) 

= L2(M,C)7/^|0) (3.1.26) 

are the bosonic and fermionic spaces, respectively. 


Consider the fermion number operator F : 

F = (3.1.27) 


Proposition 3.1.3. F commutes with H. 
Proof. We calculate: 


2[F, H] = + h'{xY + h”{x) [ipip — 

= h''{x) ~ h''{x) 

= —h"[x) 


= 0 


(3.1.28) 


where we used the (anti-)commutation relations 3.1.20 and the identities -0^ = 0 = 

□ 

By Heisenberg’s equation of motion, F is preserved. In fact, F |0) = ipip |0) = 0 
and Ftp |0) = tpipip |0) = pj |0) (using {pj, -0} = 1). So we see that F takes the value 0 
on PL^ and 1 on Pi^. Hence we say the operator (—1)^ provides a Z 2 grading on Pi. 


Under quantization, the supercharges Q, are promoted to operators 

Q = p) {ip + h\x)) (3.1.29) 

= p) {—ip + h'{x)). (3.1.30) 

Note that = 0 = since pj"^ = 0 = Pp^. 

They satisfy some important properties. 

Proposition 3.1.4. Q and map PL^ to PL^ and vice versa. 

Proof. We show this for Q; the proof for is similar. 

Consider states \cPb) € PL^ and \cpp) G PL^ , i.e. |0 b) = fB{x) |0) and \P)f) = 
fF{x)pj\0). Then 

Q \(Pb) = ^{ip + h'{x))fb{x) |0) = {ip + h'{x))fb{x)pj |0) G PL^ (3.1.31) 

and 

Q \(Pf) = Pp{ip + h\x))fF{x)tp |0) = {ip + F{x))fF{x)pj‘^ |0) = 0 G PL^. (3.1.32) 

□ 
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The following property will be crucial to us. 

Proposition 3.1.5. The anti-commutator of Q and gives the Hamiltonian: 


{Q,Qt}=2if 


(3.1.33) 


Proof. We omit the proof here as this is just an expansion of anti-commutators using 
the canonical relations 13.1.201 Details can be found in 1^. □ 


3.2 General structure of supersymmetric quantum 
mechanics 


The examples in the previous section highlighted the structure of SUSY QM; in this 
section we shall provide a general dehnition of SUSY QM. We follow and 

Definition 3.2.1. (SUSY QM) Consider a quantum mechanical system consisting 
of a Hilbert space Pi and Hamiltonian H. It is super symmetrically quantum 
mechanical (SQM) of type N 

1. PL is Ij 2 graded by an operator (—l)-^.- 

H = (3.2.1) 

where 

(-1)^ 10) = l<(>) ifcfePL^ 

(-1)^10) =-10) iffyenr (3.2.2) 

We call PL^ and PL^ the bosonic and fermionic spaces respectively. 

2. There are N supercharges Qj that anti-commute with (—1)^.- 

{Q,,(-1)^}=0 = |q1,(-1)^}. (3.2.3) 

Therefore Qi and Q\ map bosons to fermions and vice versa: 



(3.2.4) 

3. The supercharges satisfy the superalgebra condition: 


{Qii Q.j} = 0 

(3.2.5) 

[Qi,Q^j^=25ijH. 

(3.2.6) 


14 
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We shall restrict ourselves to SQM models with a single supercharge {N = 1). 

Some important properties follow from the superalgebra condition. 

Corollary 3.2.2. H is a non-negative operator and 

H\cj)) = 0 ^ g| 0 ) =0 = gt| 0 ). (3.2.7) 

Furthermore Q and Ql commute with H: 

[Q,H]=0=[Q\H]. (3.2.8) 

Proof. We note that if g |0) = 0 = Ql \(j)), then if |0) = 0 is trivial. 

For the other implication: suppose H |0) = 0. Then (0|ii|0) = 0. We expand: 

0 = mH\4,) = + {4'\Q'Q\<I>) = (OVlOV) + Wl W (3.2.9) 

which implies g | 0 ) = 0 = g^ | 0 ) by non-negativity of the inner product. 

As for equation |3.2.8[ we simply expand 

2 [g, H] = [g, ggt + gtg] = g^gt + ggtg _ ggtg _ gtg 2 = 0 (3.2.10) 

as g^ = 0. Similarly for Ql. □ 


Assuming the Hamiltonian has a countable spectrum, it gives us a Z>o grading 
on our Hilbert space, which can be restricted to the bosonic and fermionic spaces: 

qj — /HA q-t qj^ — /HA — /HA qj^ 9 11') 

tt — ttm TV — Ttni it — j 

neZ>0 neZ>0 ngZ>0 

where Pin is the n-th energy level, and and are its restrictions to FL^ and FL^ 
respectively. 


As g, Ql commute with H, they preserve the energy levels: 


Q,Q^:n^^n^ 

Q,Q^ (3.2.12) 


Proposition 3.2.3. For n > 0.' 0 


w 


B 

n 



(3.2.13) 


Proof. For n > 0, dehne Qn '■= {Q + Q^) j which maps Fi^ to Fif^ and vice 
versa. The relation |g, g^} = 2H implies that Q\ = ^^2En = I when restricted to 
the n-th energy level. Thus for n > 0 


Qn\qiB ■ FL^ —)■ FLj^ 

(3.2.14) 

are both invertible operators providing the required isomorphism. □ 
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This means that bosonic and fermionic states at non-zero energies are paired. 
However this pairing generally fails to hold for the zero-energy supersymmetric ground 
states, and we dehne the Witten index to be the difference between the number of 
bosonic and fermionic supersymmetric ground states. 

Definition 3.2.4. We define the Witten index to he dimH^ — dimH^. 

By the isomorphism above, it satisfies: 

diniH^ - dimHo = Tr ((-1)^) = Tr (3.2.15) 


for any fi > 0. 

Since = 0, it is natural to consider the cohomology of Q: 

KeiQ-.n^ 


H^Q) = 
H^iQ) = 


imQ 

Kerg:-H^^-H^ 
imQ ■ 


(3.2.16) 


At any excited level, QQ^ -|- Q^Q = 2En, so the cohomology is trivial. (Explicitly: if 
10) e Tin satishes Q |0) = 0, then |0) = Q |0)j e ImQ.) 


we 


However, the cohomology is non-trivial at zero energy, and by corollary 3.2.2 
see that 

H^{Q) ^ H^iQ) = (3.2.17) 

so that the Witten index is given by 


Tr ((-l)^e-^^) = dimi7^(Q) - dimi7^(Q). 
It has a representation as a path integral: 


Tr ((-l)^e = / VfiVfiVfiexp 


(3.2.18) 


(3.2.19) 


IPBC 


where we have absorbed the (inhnite) normalization constant into the path measure 
and where PBC denotes periodic boundary conditions: 


0(0) = 0(0), 0(0) = 0(0), 0(0) = 0(0). 


(3.2.20) 


The condition 0(0) = 0(0) comes from the fact that we are evaluating a trace in a 
Euclidean time path integral. The conditions 0(0) = 0(0),0(0) = 0(0) is a result 
from the fact that (—1)^ is a fermionic operator and that the trace is cyclical. 
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3.3 Localization 


In this section we examine localization, an important feature of SUSY QM. 

First let’s revisit the complex field example in section 3.1 We get rid of the time 
variable to get action 


^ = --{dh{x)f - = So{X) - 

This system is invariant under the transformation 


(3.3.1) 


5x = e Vi + e^V’2 

5-^1 = e^dh 

5-^2 = —€^dh ( 3 . 3 . 2 ) 


for inhnitesimal Grassmann constants e^,e^. 

Because there is no time variable, the path integral exists rigorously to give par¬ 
tition function 


Z := 



dXd^/^id-?/’ 2 exp (-S'o(X) S'i(X)-?/’iV’2) • 


(3.3.3) 


Now suppose that dh ^ 0 everywhere. We pick the supersymmetry transformation 
= —ip^/dh to eliminate the ‘ipi variable: 


S{X, ^1, ^2) = S{x', 0 , ^') = 5 (X'), X = X' + g{X')ij,ij2 


(3.3.4) 


where g{X') = l/dh{X'). 
Then we evaluate: 

1 

Z = 


1 

1 


dXd^/>idV’2 

dX'dV^idV^2e-^(^')^ 
dX'dV'idV’2 e“'^^'^'^(l ^g{X')^jJl^jJ2) 


(3.3.5) 


where we used equation |3.3.4[ The first term does not survive the Grassmann inte¬ 
gration and the final term is a total derivative, so that 


Z = 



j dX' dg{X')e-^^^''^ 


= 0 . 


(3.3.6) 


Now if = 0 for some locus of points L, we can consider an e-small neigh¬ 
bourhood Le and its complement L(. By our previous argument, the path integral 
over vanishes. Thus we see that the path integral is completely determined by an 
infinitesimal neighbourhood of the fixed points. 

This is an example of the general localization principle. 
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Theorem 3.3.1. (Localization principle) Consider a supersymmetric model with 
supersymmetry group F leaving S invariant. Then the path integral of an F-invariant 
operator O is completely determined by the loci where the fermionic supersymmetry 
transformation is zero MB- 


Proof. We give a heuristic proof that explains the main idea. We follow Witten’s 


argument in 15, Section 5]. 

Let £ be the function space we are integrating over. Suppose F has no hxed 
points; then we can consider the quotient £/F, which is a smooth space. As O and 
S are F-invariant, the integral equals 


[ = vol(F) [ F^O 

Je Js/F 


(3.3.7) 


IS Js/F 

where vol(F) is the volume of the group F, which is 0 for a fermionic group as 


j d9 = 0 (3.3.8) 

for a fermionic variable 6. Thus if F is fermionic: 

e^^O = 0. (3.3.9) 

Now suppose F has some fixed point locus Sq. Let be an e-small neighbourhood 
of So and its complement: S = U C(. The path integral splits into one over 
and one over C(. By our previous argument: 



Therefore 


Now let e —)■ 0 to get the result. 


[ e^^O = 0. 

(3.3.10) 

Jc, 


j PSQ ^ f ^iSQ_ 

Is Jc'^ 

(3.3.11) 


□ 


We should compare this with the stationary phase approximation, where we found 
that for S' S> h the dominant contribution to the path integral comes from the classical 
path(s). The localization principle is of a much stronger form though, stating that 
the path integral is completely determined by certain configurations. In other words: 
the extra structure of supersymmetry allows us to calculate more quantities exactly. 


3.4 Supersymmetry on Riemannian manifolds and 
geometrical theorems 

In this section we look at an SQM model on Riemannian manifolds. We shall see how 
notions in supersymmetry are related to notions in geometry and shall use the path 
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integral with supersymmetry to prove two geometrical theorems: the Gauss-Bonnet- 
Chern and the Lefschetz fixed-point theorems, which have far-reaching implications 
beyond physics. The proofs we give are not standard ones; in fact, these theorems 
were proven before supersymmetry was invented! However, once the SUSY machinery 
is in place, the proofs are remarkably simple, only requiring some long but elemen¬ 
tary calculations. Furthermore, the method presented here can be extended to give a 
proof of the Atiyah-Singer index theorem (of which our theorems are special cases), for 
which “standard” proofs not involving supersymmetry are not accessible to physicists. 


Consider a compact, oriented, Riemannian manifold {M,g) of dimension n. We con- 


sider the SQM model with Lagrangian 


(3.4.1) 


where are n bosonic helds, and are n fermionic helds and 

(3.4.2) 

where the F are Christoffel symbols associated to the Levi-Civita connection. 
Proposition 3.4.1. The model above is invariant under the supersymmetry 

6(j)^ = 


121 


Jj.K 


Sfa =e[i(j) - F 




(3.4.3) 


Proof. The proof is similar to that of proposition 3.1.2 and is most easily carried out 
using Riemann normal coordinates; we omit it here. □ 

The supercharges are 

Q = 

= -i'tp^Pi 


(3.4.4) 


where P/ = guf"^ is the momentum conjugate to . 
The fermion number operator is 


F = (3.4.5) 

We quantize the system by imposing canonical (anti-)commutation relations 

'.Pj]=s!, 


{i/'ti/'''} =9 


IJ 


(3.4.6) 


*Note the sign before Rijkl is opposite to that in and 12 as a result of a different sign 
convention for Rijkl- Symmetries of Rijkl show our Lagrangian matches that in [^. 
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with all other (anti-)commutators vanishing. 

The Hilbert space can be realized as the space of differential forms C 0 fl{M) with 
the inner prodnct 

(cji,a;2) = / Ui A *UJ2- (3.4.7) 

Jm 

With this realization the observables are 

(j)^ = x^x 
Pi = -iV I 
= dx^ X 

= 9^"^ idj (3.4.8) 

where V is the Levi-Civita connection and iy denotes contraction of a differential 
form with vector held V. 

Fnrthermore we have the correspondence: 

| 0 ) « 1 

|0) -H- dx^ 

|0) -H- dx^ A dx'^ 


O dx^ A ... A da:*". 

Most importantly to ns, the snpercharges and Hamiltonian are 

Q -H- dx^ A V/ = d 
fA d^ 

H=^{Q,Q^} AA ^ (dd'^ + dM) . 


(3.4.9) 


(3.4.10) 


Thns the supersymmetric ground states correspond to harmonic forms. Further¬ 
more, the grading by the fermion number operator F corresponds to grading by form 
degree 


no = n{M,g) = ^n^{M,g). 

p=0 


(3.4.11) 


In section 3.2, we saw that the Witten index can be found from the Q-cohomology: 

n 

Tr(-l)^ = ^(-l)PdimH^(M,c/). (3.4.12) 

p=0 


Equation |3.4.10| implies that the Q-cohomology corresponds to the De-Rham coho¬ 
mology, so that: 


Tr(-l)^ = 5 ^(-l)>’dim H»(M, 9 ) = dim if" ^(M, 9 ) = x(M). 

p=0 p=0 


(3.4.13) 
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Hence the Witten index is equal to the Euler number of the manifold! 

This will be the starting point in proving the theorems in the next section. 


3.4.1 Gauss-Bonnet-Chern theorem 

First we consider the Gauss-Bonnet-Chern theorem, a generalization of the Gauss- 
Bonnet theorem. It is primarily interesting as it relates a local quantity of a manifold, 
the curvature, to a global topological invariant, the Euler number. We follow the proof 
outline in [7, 12 , hlling in many details. 

Theorem 3.4.2. (Gauss-Bonnet-Chern theorem) Consider a compact, ori¬ 
ented, Riemannian manifold {M,g) of dimension n. Then if n is odd: 


X{M) = 0 


and if n = 2m is even: Q[7, 12l^ 
1 


X{M) = 


2^^m\ TT™' 


■ ■ Jm Lm R 


hJiKxL-, 


...R 




(3.4.14) 


(3.4.15) 


’M 


In the case n = 2, this reduces to the more elementary result commonly referred to as 
the Gauss-Bonnet theorem: 


2ttx{M) = / KdA 


(3.4.16) 


IM 


where K = R/2 = Q'^^Rukl is the Gaussian curvature. 
Proof. Gonsider the Lagrangian: 


(3.4.17) 


which differs from that in equation 3.4.1 by a total derivative: ^Dt 7 . Hence 


it is invariant under the same supersymmetry transformation: 


= e[i^^ 


Jj.K 


Jj.K 


df) =e[-i(t) - r 


(3.4.18) 


The supercharges etc. are also unaffected, so that the Witten index equals the 
Euler number: 

Tr(-l)^ = Tr ((-1)^6"^^) = x(M). (3.4.19) 


tThe sign convention for Rjjkl nieans that in and [^, the formula gains a prefactor (—I)’". 
Furthermore, they are missing a factor of 2™. references Chern’s original paper “On the curvatura 
Integra in a Riemannian manifold.”, Ann. Math. 46 ? 674(1942), which contains a version of the 
theorem using curvature 2-forms. In translating to an integral over dV, they forget a factor of 2™ 
coming from the Hodge dual. Our formula matches that in and is seen to be correct by verification 
for m = 1. 
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We shall evaluate this via a path integral 


V(j)V^^JV^lJexp{-SE{(|),^l^,^P)) . (3.4.20) 

J PBC 

The Euclidean action with periodic boundary conditions is 

^E = dt . (3.4.21) 


By the localization principle, the path integral localizes to the conhgurations for 
which the RHS of the fermionic part of transformation 3.4.18 vanishes. These are 
exactly the constant modes [^. 


Alternatively we could rescale t = jSr and ip ^ (3 ^^'^ip to get 


12 


Jo ^ -^aiA^Drip'^ - ^RijKLip^ip^ip^ip^'^ • (3.4.22) 

Now use independence of the Witten index from pi to take the limit /? —)■ 0 and see 
the path integral localizes to constant modes. 


Because of the periodic boundary conditions, we can do a Fourier expansion of the 
variables around these constant modes: 


0 " 




4 + V^E Ofc exp 
fc^O 

V’fc exp 

ky^O 



(3.4.23) 


where the factors of pi are included to ensure independence of the path measure from 

/?. 

The path measure then becomes 

dl/ -j-r d”ai 
^ ^ (27r)-/2 n (27r)-/2 


ViP ^ d>o" n 

Vip ^ d-ip^.Hd-iPi 

k^O 


(3.4.24) 


Note this is different for the bosonic and fermionic variables, because the fermionic 
variables do not pick up a a/^ under a Fourier transform due to the rules of Grass- 
mann integration. 
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As the path integral is invariant under coordinate transformations, we can work in 
Riemann normal coordinates centered around Xq to see that 


Se = 


dt 








--Rijkl{xM'^M'^o ) + C »( l ) 

1 


{2Ti^k‘^\a[\'^+2'Kki'ilji'ilji) + -R/jxi(a;o)V’oV’o V’^V’o + ^(/^)- (3.4.25) 


kj^O 


There are no (a^, aj) or cross-terms as these are multiples of which 

do not survive the f-integral. 

In the limit /? —)■ 0, the path integral is then 


r r ^Ti I 

/ T>0T>V>T>V^exp = / n W2 ^^P 

JPBC j 


27r^fc 


2\ I\2 
“fcl 


X 


X 


Yl exp ( - ^ 2Eki^iipi 


k^O 

' dl/ 

(27r)A2 


k^O 


d”V’od”^/’o exp ( ^RijKhixM'^M'^o 


(3.4.26) 


Consider the integration over the non-zero modes: 




k^Q 

n 

fc/O ■ 


2 | /|2 


fc^O 


fc^O 


fcT^O 


(27r)^/2 


exp 


(-2PP\4\^-) X J] / d''i~l'i'‘i.iexp{-2^kHii{) 

k^^O'' 


(3.4.27) 


We show this integral equals 1 in one dimension; the n-dimensional product is simply 
the n-th power of this and is still 1. 

Applying the standard Gaussian integrals from appendix |A.1[ we get 
'■ dofc 


n 




exp 


-2Tr‘^k‘^\ak\'^) x / d^/jkd^/jkexp {-2^^ki^/Jki>k) 


n( 

/CT^O 

n 






. k 

''¥\ 


(HM (n®sn(m) 

'\jA0 / \k4=0 / Vm^O 


(3.4.28) 


56 














We now use zeta-regularization, so that 



for a constant b. Then 



Thus 


(3.4.29) 


(3.4.30) 


n(-i)=-i 

n 

k^O 


1 

i = - 

i 


n sgn(m) = Yl (-1) = —= 

m^O m<-l V 


Putting this in equation |3.4.28| gives 
dcik 


n 




exp 


kf^O 

as claimed. 


-27r^A;^|afc|^) X / d'0fcd'0fc exp 


(3.4.31) 


^ = 1 (3.4.32) 


Thus we see in equation 3.4.26 that: 

VcjyVijVilj exp (-S'£;(0, ip, pj)) 


' PBC 


= ( 2 vr; 




(3.4.33) 


By the rules of Grassmann integration, only terms of the form V'o • • ■ V’o V'o • • • V’o 
the Taylor expansion will contribute. 

There are two cases: 

• If u is odd, there is no such term, so that 


I PBC 


VcpV'lpVtp Q-X^) ( —S'£;(0,-0, V')) = 0. 


(3.4.34) 


Therefore 

X{M) = Tr(-l)^ = [ VcpVijV'iPex^ {-Se{(I),^P,^P)) = 0 (3.4.35) 


'PBC 


which proves equation 3.4.14 
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• If n = 2m is even, the term of power m in the exponential gives the only non¬ 
zero contribution. From expanding the exponential, it has a prefactor = 

, and the terms are of the form 

j d'^Q ... d'^Qd'^Q ... dipQ Ri^j^KiLi ■ ■ 

X (3.4.36) 

By the rules of Grassmann integration, the ordering matters and the integral 
picks up a factor of sgn(r), where r is the permutation r = tjjTkL) where e.g. 

(1 2 3 4 ... 2m — 1 2m 

rij = 

\Il J\ 12 J 2 ■ ■ ■ I-m Jm 

In tensor form, this is represented by the Levi-Civita tensor: 


(3.4.37) 


Putting this all together: 


X(M) = Tr(-l)'" = / VmV'iljexp (-^^(0,^,^)) 

J PBC 

= (2„)-''l^ j^ AV j A"iilA"iilexp(^^R,jKL{4)i’M’I’o'pf] 

= (2ir)-’" f dl/,-)—... R,„j„k„l„ 

Jm ^ 

1 7 

_ _ / ^ Jm JD TD 

~ 2^™m! TT™ jhJlKiLi ■ ■ ■ ImJmKmLm 

(3.4.38) 


which proves equation |3. 4. 15[ Note that even though we used Riemann normal 
coordinates, this is a tensor identity and hence holds in all coordinates. 


Thus we have shown the Gauss-Bonnet-Chern theorem. 


For the 2-dimensional case: set m = 1 in the formula above to get 

2ttx{M) = ] [ dAe^^e^^RijKL. (3.4.39) 

4 Jm 

Now use = 0 = and = 1 , = —1 with the symmetries Rijkl = —Rjikl = 

-Rijlk to get: 

J'^^^^Rijkl = -Roioi + -Rioio ~ -Roiio ~ -Riooi = 4i?oioi- (3.4.40) 

Also, in Riemann normal coordinates g^'^{xo) = , so that the scalar curvature R 

satishes 

R = g'^^RijKL = 5^^5'^^Rukl = -R 0000 +-R 0101 +-R 1010 +-R 1111 = 2i?oioi- (3.4.41) 
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3.4.40 


Combining equations 
equation |3.4.39| implies that 


and 


3.4.41 


yields K = R/2 = Thus 


27rx(M) = - / e^^e^^RijKLdA = / KdA. 


' M 


as claimed. 


(3.4.42) 

□ 


3.4.2 Lefschetz fixed-point theorem 

Now we prove the Lefschetz hxed-point theorem, which relates the index of hxed 
points of a smooth map / : M —)■ M (a local quantity) to a global quantity Aj. The 
proof is loosely based on the proof in [^. However, it contains some major errors 
that we believe have been corrected here. A large part of the proof of Gauss-Bonnet 
carries over. 


Theorem 3.4.3. (Lefschetz fixed-point theorem) Let f : M ^ M be a smooth 
map from a compact, oriented, Riemannian manifold M to itself with a finite number 
of (necessarily isolated) fixed points. Define 

A, = (/;) (3.4.43) 

g>0 


where f* = f*\Hfj^{M) is the restriction of the pullback f* to the q-th De Rham 
cohomology 

Further define for a fixed point p of f the index i{f,p): 


= sgn (det {Dpf - 1)). 

Then 

^f= 

fixed points p 

Proof. We shall consider the SUSY Lagrangian 


(3.4.44) 

(3.4.45) 




(3.4.46) 


which differs from that in equation 3.4.1 by a total derivative: —^Dt so is 


invariant under the same SUSY transformations. 

As with the Witten index, there is a path integral expression for Aj: 


Aj = Tr ((-l)^e-^-^r) = / (3.4.47) 

Jbc 

where the boundary conditions BC are to be determined. Again it is exactly the 
supersymmetry that ensures this is independent of (d. 
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To find the boundary conditions, recall from definition 2.2.16 how f* acts. Con¬ 
sider the g-form 

aq = ^ 

Zi 

Then f*{aq) is 


aiu...,ig{x)dx"^ A ... A dx"‘^ = ^ 


o-ii,...,iq{4>{t))dx^^ A ... A dx*'^. (3.4.48) 


/g («g) = XI «A,...,*,(/(3^))d A ... A d (f ^(x)) 

2l,...,2g 

= X A... Ad(f«(x)) . 


(3.4.49) 


2l,...,2g 


Recalling the identihcation in 3.4.8, we see that f* acts by sending: 

0 -t / O 0 
'ijj —)• Df o ip 

so that the boundary conditions in equation [3.4.47 


(3.4.50) 


are: 


m = /(0(o)) 
^(/?) = Dfim) 
i’W) = ^/'(o). 


(3.4.51) 


By the same argument as in our proof of Gauss-Bonnet-Chern, the path integral 
localizes to the constant maps. Due to the boundary conditions 3.4.51 these are 
just the constant maps (p to hxed points p of /, since p := 0(/3) = (/>(0) implies in 


3.4.51 that f{p) = p. We perform a Fourier expansion in local coordinates around p, 

/ 2'Kik 


respecting the boundary conditions: 


flfcexp 


-t 


= 


t 


^Df (V’o) + 1 - a K'' 


P 


t 




X exp i 

k^O ^ 


/ 27rik 


/3 


-t 


P\t) = ^0 + X 


(3.4.52) 


where the factors of (3 have been included to ensure the quadratic terms in the 
action are /3-independent and that the path measure is /3-independent. 

We Taylor expand / to get: 


^ (P/)j4 -4) +C»(1) + ^'^2mkaie-xp 

= ^ ^((^/) J - ^j) ^0 + X exp j + 0{l) (3.4.53) 
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where we used /(O) = 0, since we are expanding around a fixed point. 
Furthermore, if we again use Riemann normal coordinates, then 


dV’^ 1 


/ 2Tiik 


= ^ = ^ -^o) + gYl exp f 

^ ^ k^O ^ ^ 

{{Df)K + 27rik^i exp 


f3 


(3.4.54) 


Similarly as in proving Gauss-Bonnet, we then find Euclidean action (with Rie¬ 
mann normal coordinates) 

s^= I di 

^ '^27rki^i'ilji - Sij^ {{DfYj^ - S^) 


f3 


k^O 


+ 5^(^0 ,'^fc)-cross-terms -|- 5^(^o ,'^fc)-cross-terms + 0{1) 


(3.4.55) 


The (xo, ak)ky^o and (V’z, 'ipk-i)k^o cross-terms are not present as they are multiples 
of df = 0. Furthermore, the {Y’o,'^k)k^o and {'ipk,Y’o)kj^o cross-terms will 

not snrvive the Grassmann integration in the path integral. 

When taking the limit /d —)■ 0, which is allowed as the path integral is independent 
of P, we can ignore the last term, which is 0{P). Also, the remaining integrals over 
non-zero modes \akP,Yk'Pk cancel each other as in the proof of Ganss-Bonnet. Hence 
we can use the “effective” action: 

Se = pijxS ((Df)i- - S’„) {(Df)i - 6i) xl: - S,j {{Df)i, - 4) 

= t ((B/ - ((£>/ - l)a:o) -((£>/- V>o 

= Yo^(Df - if (£>/ - l)!Co - W (Df -if^o (3.4.56) 

where we regard {Df — 1) as a matrix and a^o, Y’o, V’o as vectors. 


The path measnres are exactly as before, to give as contribntion aronnd p: 
j= j exp - 1)^(T>/ - l)a?o^ x 

X y'd”^od’"V^oexp (^^0^ (A>/ - 1)'^ • (3.4.57) 
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Now use the Gaussian integral formulas from appendix A.l 


(27r)"/2 


exp ( --xJ{Df - tY{Df - l)a;o 


Vdet((D/-lF(D/-l)) 

1 


|det(D/-l)| 

and its Grassmannian version: 


(3.4.58) 


(T'11^0(^11)0 exp ( 'il)o^ {Df - 1)^ iJ)o ) = det {Df - 1)^ = det {Df - 1). (3.4.59) 


Gombining these results in equation 3.4.57 we get the contribution from a hxed 
point p: 

f ; -5p det {Df - 1) 

Jp,BC |det(L>/-l)| 

= sgn(det {Df -1)) 

= t{f,p). (3.4.60) 

Summing the contributions from all fixed points p, we arrive at the hnal result: 


- 


/ V(j)VfjVfje ^ i{f,p) 

JBC 


fixed points p 


(3.4.61) 


□ 


As a corollary, we arrive at a version of Brouwer’s hxed-point theorem 

Corollary 3.4.4. (Brouiuer’s fixed-point theorem) Let f : D"^ —)■ D'^ be a 

smooth map from the unit disk to itself. Then f has a fixed point. 

Proof. Recall the De Rham cohomologies of 77": 


= 


if p = 0 


(3.4.62) 


0 else 


In fact, we saw that H^^{D'^) consists simply of constant maps. From equation 
3.4.49, we conclude that any map / induces the identity on i7^^(Zl”). Hence 


A/ = 1. (3.4.63) 

So the Lefschetz hxed-point theorem implies / has at least one hxed point. □ 


^Brouwer’s fixed-point theorem only assumes continuity of /; note we assume additionally that 
/ is smooth. 
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Compare this with the contraction mapping theorem from topology. Let / be a 
contraction mapping / : M —)■ M on a metric space M, i.e. a mapping such that 
there exists a real number 0 < iL < 1 such that for all x,y E M: 

d{f{x),f{y))<Kd{x,y). (3.4.64) 

Then the contraction mapping theorem states that / has a unique hxed point. This 
proves the statement that if you are in Oxford and pull out a map of England, there 
will be exactly one spot on the map that is physically in the place it points to. 

The contraction mapping condition is stronger than continuity (any contraction 
mapping is Lipschitz-continuous by dehnition), but this ensures uniqueness of the 
hxed point. Furthermore Brouwer’s hxed-point theorem is non-constructive, whereas 
the contraction mapping theorem is - its proof involves taking an arbitrary point 
Xq E M and dehning a sequence Xn+i = then this sequence converges to the 

unique hxed point p. 


We verify the Lefschetz and Brouwer hxed-point theorems for a simple rotation. 


Example 3.4.5. Consider the map f : ^ on the unit disk that rotates through 

9 : 

/ \ / N 

COS 9 — sin 9 


^ j I—). ( ^ — sm y \ / a; 

yy) \sm9 cos 9 J \y^ 

Then f has a single fixed point at the origin, where it has derivative: 


(3.4.65) 


Dof = 


cos 9 — sin 9 
. sin 9 cos 9 


(3.4.66) 


as it is linear. Hence 


det (T>o/ - 1) = 


-1 -f cos9 — sin6' 
sin0 — 1 -|- cos 9 


= (—1-f cos6')^-I-sin^ 6^ > 0 (3.4.67) 


so that sgn (det — 1)) = 1 and indeed A/ = 1. 

Finally, we state a connection between Lefschetz and Euler numbers. 

Corollary 3.4.6. Consider a compaet, oriented, Riemannian manifold M and {/*}, 
a 1-parameter group of maps ft : M ^ M continuously connected to the identity. 
Then 

A/, = x(M) (3.4.68) 

for any f. 
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Proof. The identity map / trivially induces the identity on all cohomologies. Thus, 
from the dehnition of A/: 

n n 

A/ = mlAM)) = 5;(-l)«dim(i/’,„(M)) = x(M) (3,4,69) 

q=0 q=0 

as the trace of the identity gives the dimension. 

Each ft has a Lefschetz number Af^ depending continuously on t. Furthermore, 
as an integer, it is constant on the connected component of ft, which contains the 
identity. Therefore 

Af,=Aj = xiM). (3.4.70) 

□ 

This shows the main power of the Lefschetz hxed-point theorem: A/ is invariant 
under continuous deformations of /, and we can often reduce calculations to simple 
ones. 

Example 3.4.7. (Sphere and torus) 

• Consider rotations R{6) of 3“^, through angle 9, around an axis through the 
North and South poles. These are connected to the identity, as I = R{6 = 0). 
For 6 ^ 27rZ, the poles are its only fixed points, around which it locally looks 
like the 2D rotation in our previous example. Then indeed: 

A«(,) = t{R{e), NP) + t{R{e), SP) = 1 + 1 = 2 = x{S^). (3.4.71) 

• Similarly consider rotations F{6) of the 2-torus around a vertical axis through 
its “hole”. For 6 ^ 27rZ, it has no fixed points. Thus 

xiT^) = Ap^e) = 0 (3.4.72) 


as expected. 
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Conclusion 


In this dissertation, we introduced the path integral as a formulation of quantum 
mechanics and analysed some of its physical and mathematical properties. We in¬ 
troduced the modern idea of supersymmetry and showed how the path integral was 
naturally suited to supersymmetric calculations. This culminated in “physics proofs” 
of the Gauss-Bonnet-Chern and Lefschetz hxed-point theorems. 

The expert reader might recognize that these are part of a wider class of index the¬ 
orems that follow from the more general Atiyah-Singer index theorem, which can also 
be proven by a path integral in an appropriate supersymmetric model (see e.g. [II]). 
Originally a proof of this theorem was intended, but due to the extra background 
knowledge required for this, only two special cases have been included. We hope that 
this provides a useful introduction to students interested in the held and serves as a 
good starting point for further study. 


65 


Appendix A 

Mathematical results 


A.l Gaussian and Fresnel integrals 


In this appendix, we prove the Gaussian and Fresnel integrals used throughout the 
dissertation. 


Theorem A.1.1. (Gaussian integral) Let A he an n x n symmetric, positive- 
definite matrix. Then 


j dAx exp {—x^Ax^ 


^ 1 

'/detA ^det[A/n) 


(A.1.1) 


Proof. We shall use, without proof, the standard result: 



(A.1.2) 


(This can be proven by squaring the integral and evaluating it in polar coordinates.) 


As A is symmetric and positive definite, then by the spectral theorem from lin¬ 
ear algebra, there is a matrix O such that 0^0 = 1 and AO = D is diago¬ 
nal: D = diag(Ai,..., A„), where the A„ are the eigenvalues of A. Specifically then 
det D = det A. 

Introduce coordinates y = Ox. Then as O is orthogonal: x^Ax = y^Dy = 
Z]r=i Further, detO = detO"^ = 1, so dPx = dPy. Hence: 




T^n/2 

y/detA 


(A.1.3) 


using equation A.1.2 and that det A = YYi=i 


□ 


Theorem A.1.2. (Grassmann Gaussian integral) Let A be annxn symmetric, 
positive-definite matrix and t/?, t/? he vectors of Grassmann variables. Then 


j d^T^d^V^exp = detA. 


(A.1.4) 
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Proof. We use the one-dimensional relation for a G M: 


d'lpd'ip expi^a'ip'ip) = a 


(A,1.5) 


which follows from a simple Taylor expansion and the Grassmann integration rules. 
The rest of the proof is identical to the real-variable case. □ 

We now prove the important (real-variable) Fresnel integral, which is a similar 
integral but with imaginary exponent. 

Theorem A.1.3. (Fresnel integral) Let A be annxn symmetric, positive-definite 
matrix. Then 


j d'a^exp {ix^Ax) = 


[m 


■\n/2 
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nl2 


\/det A ^Jdet{A/i) 

Proof. We shall prove that for a > 0: 

f dx exp (iax^') = \[—- 


det (—) 

\ 7^^ / 


(A.1.6) 


(A.1.7) 


The full result then follows similarly to the proof for the Gaussian. 


We evaluate a contour integral of the holomorphic function f{z) = expliaz"^). The 
contour is a circular sector of radius R: T = Ti U r 2 U Ta: 

Im(2:) I 



Re(2:) 


As / is holomorphic, then by Gauchy’s theorem: 


f{z)dz = / f{z)dz / f{z)dz / f{z)dz = 0. 


(A.1.8) 




'Fa 




Now use the explicit parameterisation of these contour parts to get that 



and 


-i? 


f{z)dz = \/i dr exp(m(\/ir)^) = —y/i / dx exp(—aa:^). (A.1.10) 


'Ti 


'R 


I will prove that 


lim / f{z)dz = 0. 

R-^oo 


Then by the previons eqnations: 


dx exp(ma;^) = / f{z)dz = — f{z)dz = Vi dx exp(—= xy — 
iri Jvi Jo 2 V a 


(A.1.11) 

1 /Tri 

2 V V' 

(A.1.12) 


As the integrand is even, the resnlt A.1.7 follows. 


We parameterise r 2 as 2 ; = Rexp{it) with t G [0,7r/4]. Then d^; = iRexp{it)dt, 
so 


t/4 


'r 2 


f{z)dz = / dtiRexp{it) exp {iaR^e^'^^^ . 


(A.1.13) 


We show the modnlns of this integral is 0{1/R), from which the resnlt follows. To do 
this, we will nse Jordan’s lemma from complex analysis, which states that ^ 

for t e [0,7r/2]. Therefore: 


t/4 


dtiRexp{it) exp 


t/4 


< R 

= R 

= R 


t/4 


(*7r/4 


dt |exp(if) exp [iaR^e^^^) \ 

df I exp [iaR^ (cos(2f) + i sin(2f)) | 

dt |exp i^—aR^ sin(2f)) | |exp {iaR^ cos(2 f))I 

(A.1.14) 


where we nsed Enler’s formnla e*^ = cos ;2 + isinz. Now make the snbstitntion u = 2t 
and nse that exp (—sin(2 f)) > 0 to get: 


f{z)dz 




R 


~ 2 


du exp sin m) 


R 


~ 2 


du exp 


2aR^ 


-u 


TT 


^ (1 - = 0{1/R) 


daR daR 

nsing Jordan’s lemma in the second-to-last line 


(A.1.15) 

□ 
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A.2 Campbell-Baker-Haussdorf formula 

To prove that 

exp(^-|(t+\/)j =exp(^-|fjexp(^-|v') +0(£2), (A.2.1) 

we shall use the Campbell-Baker-Haussdorf formula j^[^: 

Lemma A.2.1. (Campbell-Baker-Haussdorf formula) Let X,Y be two linear 
operators and let [A, H] denote their commutator. Define Z by = e^e^. Then Z 
satisfies 


Z = X + Y+ 1|.Y, F] + 1 (|.Y, [A', Y]] + [F, [A, F]]) + ... 

with ... denoting terms of order 4 or higher in X and Y. 

We use this lemma to prove the following: 

Proposition A.2.2. Let T and V be two operators and let A be defined by 

exp (-|(^ + V")) = exp exp exp(i). 


(A. 2 . 2 ) 


Then 


A[f.V]+OW) 


(A.2.3) 


(A.2.4) 


Proof. Dehne A' = — A and rearrange equation A.2.3 to get 


le 






exp ( -^(T -F H) ) exp ( ( - ) A' ) = exp ( T ) exp ( - — V 


Applying the Campbell-Baker-Haussdorf formula to both sides yields 


(A.2.5) 


le 


h 


e \ ‘ 


hJ 


exp --(T + H)+ - A + 0(e3) =exp --(T + H)-- - [T,V] + 0{e^) \ . 


le 


1 /e\2 


h 


2 \h 


(A.2.6)' 


Expand both exponentials and equate terms of order to get: 


i' = --[f,H] + 0(6) 

which gives the stated result. 

Thus indeed 

exp = exp exp (-"^V ) + 0{e^ 


(A.2.7) 

□ 

(A. 2 . 8 ) 
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A.3 Zeta-regularized constant infinite product 

In this section, we prove the following lemma: 

Lemma A.3.1. Under zeta-regularization, the following formula holds for any con¬ 
stant 6 G C \ {0}.' 

Y[b = b-^/\ (A.3.1) 

n>l 

Proof. This is the determinant of the operator Ai, = 61 acting on a separable Hilbert 
space. 

It has spectral zeta function: 

a.(s) = 5 ^ r‘ = r‘ 1 = r*c(o) = -\b-‘ (A.3.2) 

n>l n>l 


where we used the identity: C(0) = Hence 


CaM = -b Hog(6) 


Therefore by definition 1.3.4 


ni = detA = exp(-C.:,,(0)) =exp(-bog()) 


n>l 


as required. 


(A.3.3) 


(A.3.4) 

□ 
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